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CO-ORDINATE
SYSTEM

1.1. Introduction

1. Vector : It has magnitude and direction. In addition, it follows Vector Law of Addition.
e.g. :- Electric field, Magnetic Field, Force etc.

2. Scalar : It has magnitude and no direction. It does not follow Vector Law of Addition.
eg :— Current, Distance, Potential etc.

3. Tensor : It has magnitude and direction. It does not follow Vector Law of Addition. It shows different values in different
directions at the same point.

e.g..— Conductivity, Resistivity, Refractive Index.

4. Unit Vector: Itis the vector which has unit magnitude and directed along increasing direction of parameters.

1.2. Equation of line in 3-dimentional

X —X - -1
1 _YTN 1 _ constant

=% Yo =4

X=X _ Y=Y _ 7=

Z
2 — constant

Or
X=X Y=Y L7
ax+by+cz=d
Eg. 3X+4y=5
Equation of line in two-dimensional. However, equation of plane in three-dimensional.
1. X = Constant.

(@) A plane is parallel to Y and Z-axis.
(b) Y and Z-axis is tangential component.
(c) X axis is normal component.

2. Y = Constant.
(@) A plane is parallel to X and Z-axis.
(b) X and Z axis is tangential component.
(c) Y axis is normal component
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[ Electromagnetic Field Theory

Z = Constant

(@) A plane is parallel to X and Y-axis.

(b) X and Y-axis is tangential components.
(c) Z axis is normal components.

1.2.1. Cross Product

B
AxB=ABsin0©
0 A ©= Outward direction (Anticlockwise)
B o= =
Bx A= ABsin6®
®= Inward direction
0
A
% A
B B
0
A — B A X B =
RxB =0 R
Ax é~y é-z
_A.X_B’ = al a2 a3
b b b
1.2.2. Dot Product
AB=aly +a,b, +ash,
1. Projection of B along Vector A
B
Allar=B cos 0
o__®
2. Projection of vector B along Vector A.
B
X>Har =Bcos OA
0 'y
3. Projection of vector B perpendicular to Vector A.

Air =B—(BcosH)A .
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[ Electromagnetic Field Theory

1. Cartesian to cylindrical Y
p=VX2+Y2, ¢=tan—1&j, Z=7 pd)
2. Cylindrical to Cartesian z

X =pcosd, Y=psing, Z=2Z

3. Cartesian to spherical

r=yx?+y?+2?
0=cos | — 2
sz +y?+72

dp=tan? (Xj
X

4. Spherical to Cartesian

X=rsin0cos¢
y=rsin0sing

Z=rcos0

5. Cylindrical to Spherical
r=yp?+22, 0=cosY| —2— | p=0
0 + 22

6. Spherical to Cylindrical
p=rsind, d=¢, Z=rcoso.

1. Cartesian to Cylindrical
4, | [cosp sing 074 ]
dy |=|—sing cos¢p 0] a,
4, L 0 0 1__32_
2. Cylindrical to Cartesian
‘4, | [cos¢ —sing 04, ]
ay [=[sing cosp 0] &
4, | L 0 0 1__32_
3. Cartesian to Spherical
4, | [sinOcos¢ sinBsing cosd [ 4,
dy |=|cosbcos¢ cosOsing —sind || &,
4| | —sing cos¢d 0 4,
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9

Spherical to Cartesian

Electromagnetic Field Theory

a, sinbcos¢ cosOcosd —sing || &,
ay [=|sinBsin¢ cosOsing cos¢ ||
a, cos0O —sin® 0 ay
5. Spherical to Cylindrical.
4 | [sin6 cos® 0] &
a [=| O 0 1| &g
a, cos® —sin® 0] 4,
6. Cylindrical to Spherical
4 | [sin0 0 cos6 ][4,
d |=|cos® 0 —sin0 || 4,
a 0 1 0 |la
1.3. Differential Length, Area and Volume
Parameter Coefficient
u Y w h1 h2 hs
X y z 1 1 1
P b z 1 P 1
r 0 ¢ 1 r rsin®

It is a vector quantity and directed along tangential direction.

(a) Cartesian co-ordinate system.

(b) Cylindrical Co-ordinate system.

(c) Spherical co-ordinate system.

ds =dsa.
a. = unit normal tothe surface

di = hydudu + hydvay + hydwéw
dl = dxéx + dyay + dz4;
dl =dpép + pddds+ dzé

di =drér + rd0do + rsin6ddds
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[ Electromagnetic Field Theory

It is a vector quantity and directed normal to the surface.

In general Form
d S = h,h,dvdwa. + hh,dudwa, + h h,dudva,

(a) Cartesian co-ordinate system.
d S = dydxéx + dxdzéy + dxdya
(b) Cylindrical co-ordinate system.
d S = pdddzép + dpdzap+ pdpd péz
(c) Spherical co-ordinate system3.
d S =r?sinAdadga: +r sin Adrd gés + rdrd G4,

In general form
dv = hh,h,dudvdw

(a) Cartesian co-ordinate system :—
dv = dxdydz

(b) Cylindrical co-ordinate system :—
dv = pdpd¢dz

(c) Spherical co-ordinate system.
dv=r?sin@drdéd¢
1.3.1. Position Vector

€)] Cartesian co-ordinate system

x 2 F=xi+Yj+2zK
7
z X
(0, 0, 0)

(b) Cylindrical Co-ordinate system.
r =pé.p +28, - ‘Z’ is an axis

r= pé.p + yéy - Y’ is an axis
=03, +Xxa, - X isan axis

() Spherical Co-ordinate system :
r=ra
() Position vector in 2D

p=pa, =(%—x)a+(y, -V, )& —'Z'axis
p=pa, =(Y,—Y,)&+(z,—7,)& —'X'axis
p=pa, =(%—%)&+(z,—2)& 'Y 'axis

aoad
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VECTOR CALCULUS

2.1. Introduction

I. Differential Form
1. Gradient of scalar function
2. Divergence.
3. Curl.
4. Laplacian operator.

Il. Integral Form

1. Open line integration
(a) Path independent
(b) Path dependent
2. Closed Line integration.
3. Closed Surface integration.
4. Volume integration.

Gradient of scalar function ‘f’: —

1. Definition: It is a vector quantity which gives maximum rate of change of scalar function ‘f* and is directed normal to
surface ‘f” or scalar function ‘f*.

2. Formulae:

- lof . 1of , 1o 4
Vf=——au+——&av+——aw
h ou h, ov h, ow
(a) Cartesian Co-ordinate system.
R PO
X oy oz
(b) Cylindrical Co-ordinate system.
of 4 L Of 4
Vf =—&+-—8&r+—&
op oz

(c) Spherical Co-ordinate system.
~. oOf . 1lof 1 of ,
Vi=—&ar+-—&+——4a¢
or r oo rsin0 oo
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[ Electromagnetic Field Theory

3. Physical Significance:
(a) Maximum rate of change of scalar function ‘f* will be given by gradient of scalar function ‘f’.

ar v |
dl | ax
(b) To find directional derivate.
D.D=Vi.A
(c) It gives unit normal on surface.
i
an=——
V1|

(d) To find angle between the surfaces.
() A=Vf
' f '=Scalar function of vector A
4. Properties of Gradient
@ V(f+g)=Vf +Vg
(b) V(fg)=fVg+gVf

~(f) gVf-fVg
(C) V[gj: gz

5.  Application:

(@ Vr=ar
@ ()= )e
@ V(lnr)==
© vr2+|nr):(2r+ljar
UIERY

(
(
) §(In_2r) _ ( r— 24r|nrj

1. Definition: It gives total outward flux per unit volume.

L AdS
g
lim Av
Av—0

(8) V.A=Divergence at a point.
(b) ﬂ)ﬂ- dS =Divergence in a range.
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[ Electromagnetic Field Theory

(©) g‘jSA-d§ = f (?-A)dv = Divergence theorem.
v

2. Formulae:

Voo 1 a(hzmAu)_'_a(hlfbAv)+8(h1h2Aw)
hyhyhy ou ov ow

(a) Cartesian Co-ordinate System

VoA O Oy OA
ox

oy oz
(b) Cylindrical Co-ordinate System.

.m(M;&MJ
pL Op oo oz

<

(c) Spherical Co-ordinate system.

V.A=

1 [o(r?sin6Ar) L 2(rsinom)  o(rAy)
r2sin® or 00 oo

3. Physical Significance:
It gives outward flux.

@ Outward Flux # 0

N
Inward Flux =0
Net Flux #0
V.A>0
y

v

(b) Outward Flux =0
Inward Flux #0
Net Flux #0
V.A<0

(©)

Outward Flux
= Inward Flux

( \ et Flux =
( ] Net FI 0

/N
\/ V.A=0

v V¥V V¥

GATE WALLAH ELECTRICAL HANDBOOK
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[ Electromagnetic Field Theory

(d) /\ Outward Flux < Inward Flux
:ﬁ %—> Net Flux # 0
v V.A<0

Outward Flux > Inward Flux

/\ Net Flux # 0
EEE =
NS

7 V.A>0
()] Outward Flux =0
) Inward Flux =0
Net Flux =0

V.A=0

(8) V+(A+B)=V-A+V.B
(b) V.(fA)=f(v.A)+A.(vf)

© W{A F(VeA)-A(V T)

5.  Application
(a) Ver=3

(b) v.(r”ar)=(n+2)r”—1

1. Definition:
§Andi

lim AS
AS—0

A

VxA= A

Curl gives total Motive Force due to Aper unit area. And it is directed normal to the rotatory plane.
@) VxA=cCurlata point

(b) S[)A-a = Curl in a range

(c) cf)ﬁ\-m = j _[ (?x A)-dg = Stoke’s theorem

2.  Formulae:

GATE WALLAH ELECTRICAL HANDBOOK



(a) Cartesian Co-ordinate system

ax
VxA=| <
OX
Ax
(b) Cylindrical Co-ordinate System.
ap
VxA=1l 2
p| op
Ao
(c) Spherical Co-ordinate system
ar
VxA=—r | 2
r<sin@| or
Ar
3. Physical Significance: — It gives rotation.

@a) VxA=#0

V.A=0

(b) VxA=0

V.A#0

© A N
E } V.A#0

(d) VxA#0
V.A#0

rde

0
rAe

Electromagnetic Field Theory

F Rlo »

F Rl @

rsin0ay

o9
rsin0A¢

GATE WALLAH ELECTRICAL HANDBOOK
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[ Electromagnetic Field Theory

4. Properties:

@ A(BxC)=B-(CxA)=C:{AxB) x
& & &
A((BxC)=|b b, b - B
QG C C3 -

(b) A«(BxC)=0=[ABC]=0

Then A, B &C are independent vectors and they do not lie in a single plane.
(c) Volume of parallelepiped

|A(BxC)
2. Vector Product:

3. Mixed product with Del operator.
(a) ?(W f ) = Doesnot exist

(b) VeV )

(© Vx(Vf)=0
d Vv (W-A) = exist
()  Vo(V-A
H Vx (

(9) ?(V A) does not exist

v
1
o
o
D
(2]
>
o
=3
©
.
wn
Qa

() Vx

1 V(f+g)=Vf+Vvg

5 V(fg)=fVg+gVf

GATE WALLAH ELECTRICAL HANDBOOK 711
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10.

11.

12.

13.

14.

[ Electromagnetic Field Theory

Ve f”):fv.m VE
_(R) F(V-A)- AV
V]I 2=

f f£2

Laplacian operator with scalar function ‘f’

v2f=v.(vf)
hohs of hyhg of hyhy of
s ed)
Thhhhsl a0 | ow

(a) Cartesian co-ordinate system
?f 0% f  o°f
+

V2f = +
X2 8y2 72

(b) Cylindrical co-ordinate system.
2 2 2
V2f=%+1ﬁ+%%+%
op~ POp p°op° oz
(c) Spherical co-ordinate system :—
o, 0°f 208f 10°f cotof 1 8%
Vil st st 2 A2
orc ror r° o0 re ar (rsing)” oo

GATE WALLAH ELECTRICAL HANDBOOK
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[ Electromagnetic Field Theory

1df (r) d2f(r)

Note: When scalar function “f’is function of ‘r’ only. Then, V?f (r)= T odr ’ dr?
r
- — 1i 2
(@) () V2r" =n(n+1)r"? (i) V2r=F
(i) v2( 1 ]=0 (v) V2nr =
r r?

2. Laplacian operator with vector A
25 2 5 25
via- LA LR 10
hf ou= hy ove hy ow
(a) Cartesian co-ordinate system.

2K A2K  A2%

ViAo TR A
ox= oy° oz

(b) Cylindrical co-ordinate system

25 25 2 X
via- AL A O
opS pcoys oz

(c) Spherical co-ordinate system.
A 1 62A+ 1. %A
arZ r2 692 (rSine)Z 64)2

Some Important points:

(@) Vr=ar
(b) Ver =3
) Vxr=0
vir=2
(d) r
(e) V2r=0
. _df(r)
() Vf(r)= o
sz(r)zgolf(r)+c|2f(r)
© rodrooar®

(n V.A=0 then Ais solenoidal and diversion less.

(i) Vx A=0 then Ais irrational, conservative and path independent vector.

2
() V°®=0 (Laplacian Equation).

GATE WALLAH ELECTRICAL HANDBOOK 713
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V4

2.3. Path dependent open Line Integral.

1. [P
Condition for path dependent open Line Integral is given as.
VxP=0
Then the above integrals will be solved using parameterization process.
Example:
The Line Integral of the Vector Field

F=5xzi+(3x2+2y) j+x°zk along a path from (0, 0, 0) to (1, 1, 1) parameterized by (t, 2, ) is ......
Solution:

X=t=dx =dt

y = t? = dy = 2tdt

z=t= dz=dt

J' E.di= I Sxzdx +J'(3x2 +2y)dy+J'x22dz
= st?dt+[ (3t*+2t*) (2tat)+ [ et

5,10, 1 20+33 53 _, 4y

2, j P.di

Condition for path independent open Line Integral is given by VxP=0
So, open line integral is performed through straight line.

Question:
As shown in the figure, C is the arc from the point (3, 0) to the point (0, 3) on the circle x*> + y? = 9. The value of the
integral.

_f(yz +2yx)dx-+(2xy +x*)dy

C
1S ...,

l\y
(0, 3)
(3,00 x

Solution:

Method I: - Basic Method

GATE WALLAH ELECTRICAL HANDBOOK 714



Electromagnetic Field Theory

Since, the curve lies in 1% quadrant of xy plane. Hence,
x= 49—y, y=/9-%
I :LO(9—XZ)+2[(J9—X2 )x]dx+[§[2(\/9—y2)y+(9—y2)}dy =0

Method II: - Parameterization Process.
X2 +y?=9 = x=3c0s0, y = 3sind

X=3100 f»ezow%
y=0to3 :>6:Oto%
(%2 3 2
I _L (y +2yx)dx+jo (2xy +x°)dy

=3 If (9sin® 0 +18sin O cosd) (—sin 0d0)+3 E(%OSZ 0+18sin0cos0)(cosOdO) = 0
Method I11: - To check path independent or dependent.

I(y2 +2yx)dx+(2xy +x?)dy
= I ((y2 +2yx)ax+(X? +2xy)ay)-(dxax+dyay)
:J'ﬁ.a

VxP= 1 )
ox y
yi4+2xy 2xy+x* 0

ax ay &
0

=(0-0)ax—(0-0)ay+ (2x +2y -2y — 2x) &
=Qax+0ay+0a=0
I\y

(0,3)

v

(3,00 «x
So, the open line integral will be through straight line.

x-3 y-0

= SXx=-y+3=>y=3—
3-0 0-3 1 YrSTYESoX

I =J'(y2 +2xy)dx+(2xy +x*)dy
0 3

L [(3—x)2+2x(3—x)]dx+jo[2(3— y)y+@-y) Jdy =0
Method 1V:

Open line integral is not performed through curve ‘C’ but through along x-axis and then along y-axis.

GATE WALLAH ELECTRICAL HANDBOOK 715
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>

(3,00  x

Along x-axis,y =0,x=3t00,dx#0,dy=0
1,=[[ (0)* +2xx0 Jdx+ [[ 2x(0)+x* ] (0) = 0

Along y-axis,x=0,y=0t03,dx=0,dy #0
1,=[.[2y(©)+y*](0)+[.[ (©)* +2(0)y ]dy =0
S I=11+1,b=0+0=0
3. (ﬁﬂ-a = closed line integral

To solve above integral, we use closed line integral or open surface integral.

Sﬁ/x.m:jj(vxﬂ).&
Question:
Consider the line integral

J (xdy — ydx)

The integral being taken in a counter clock-wise direction over the closed curve ‘C’ that forms the boundary of the
region ‘R’ shown in the figure below. The region ‘R’ is the area enclosed by the union of a 2 x 3 rectangle and a
semicircle of radius 1. The line integral evaluates to —

Ay
C
L ok <
2T R
1o g
; P >
1 4 5 X
Solution:
Method I: Using closed line integral
Path 1. x=1tod,y=1,dx#0,dy=0

I1=_[14—ydx|y:1 =-3
Path 2. Along semicircle centre = (4, 2)
(x—4)*+ (y-2)* = (1)?
X=Ccosdp +4,y=sinp +2
y=1to3=2+sing=1t03

sin¢=-1t01:>¢=—g tog

X =4+ cosdp = dx = -sindpdd
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® Electromagnetic Field Theory

y =2 +sing = dy = cospdd

l, =ﬁz (4+cos¢) (cos¢d¢)—J'(2 +sin @) (—sin ¢d @)

I,=[2 4cosgdg+ |2 dp+ [22singdp =8+
2 2 2
Path 3.
X=4t01,y=3,dx#0,dy#0
l,=[-ydx , =3x3=9

Path 4.
x=1,y=3t0o1,dx=0,dy#0

1
I4=I3xdy|x:l:-2
I=li+L+13+ 1,
=-3+(m+8)+9-2=x+12

Method 2: - Using Stoke’s theorem or Green’s theorem
({73

<j3 (xdy —ydx) =<j.> (—yax+xay)(dxax+dyay)

A=— yax+Xay
ax ay a
o L W
OX oy oz
-y X 0
=[1-(D]a=2a

Since, the given curve line in XY plane. Hence differential area will be written as

ds=dxdya

z=0

cj}(—yax+xay)-(dxax+dyay)

:J'J'zaz-dxdyaz:2ﬂdXdy

=2 (Area of Curve)

= 2 (Area of rectangle + Area of semicircle)

GATE WALLAH ELECTRICAL HANDBOOK
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3__-...

D
2-- ----I
- L/

| .
1 4 5

2
=2(2x3+%)=7{+12

X

Note: As we have seen that open surface integral is simpler method than closed line integral. So, we generally
use Stoke’s or Green theorem to solve closed line integral.

4. Closed Surface Integral or volume integrals.
fpA-ds=[(V-A)dv
= Divergence theorem

Volume integral is easier than closed surface integral.

Quiestion:

Consider a closed surface S surrounding a volume V. If r is the position vector of a point inside S, with n the unit

normal on ‘S’, the value of the integral

if)SF-nds IS %

(A)3V (©) 10V
(B)5V (D) 15V
Solution:

Method I: - Assuming closed as a cuboid (cartesian co-ordinate system).

Y
(Oabao) (a b 0)
(Oabjc) (a,b,c
0’0’0) (a,0,0) .
(0,0,¢) (a,0.c)

GATE WALLAH ELECTRICAL HANDBOOK 718
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AV

L
chic |_1._¢,

] dvdy (-a,)|, ,
v

!

—t—sdvdza,|
dydz (_'“.\) el >

/

] dydz (-a, )

@5?.d§

=[[5(xi+yj+2k).dydzas

. +5ﬂ (x?+yj+zk).dydz(—ax) Ty Sﬂ (xf+yj+zk).dxdzay‘y

+ 5” (Xi+y]j +zk).dxdz(—ay) s SH (Xi+Y] +zk).dxdy(—az)

+ 5[] (xi+yj+2k).dxdya,
y=0

z=0

b

fS.T_[zdxdy|
00

:SﬁXdydz| 5_?0 xdy dz|
00 0 X

X=a 0

+ 5j‘.j‘ydxdz| —Sijdxdz| + Sj.b zdxdy|
00 0 z

=0 y=b 00 y=0 0 =C z=0

=babc — 0 + 5abc — 0 + 5abc — 0 = 15abc = 15V
Method I1: - Assuming closed surface as a cylinder (cylindrical co-ordinate system).

ds=5dd db &

z=h

z=h

———> ds=8dbdz iy _,

z=0

ds=8d5 db (—a.)

z=0
§psr-ds
= SII(pap +12a;)s pdgdza,

=5 LZ” Ioh pdpdz|  + SI:LM pzdpdg| fSI:fOz” pzdpdg|

*5[[(partzan)-(-pdpdgac)| +5[[(pa, +220)+(pd pdgas)

GATE WALLAH ELECTRICAL HANDBOOK 719



® Electromagnetic Field Theory

2

= 5 a27h + 5h %27:—0
= 10nah + 5nath = 15nah = 15V

Method I11: - Assuming closed surface as a sphere (Spherical co-ordinate system).

ds=rsin0d0dp é,

r=R

5reds = [* [75(ra,)«(r?sin6dodgar)
4:.& J.S:O-‘-¢ﬁ=0 r

=R

= 5R3(2) (2r) = 207R®

3
_ 15[47;R ]
3

=15V

Method 1V: - Consider a cuboid as volume.
I :#SF-dE:IW-SF) dv
\
r=xi+yj+zk

2ot
X ox o

=1+1+1=3
| =5jV(V.F)dv

Ver=

=SX3Idv

= 15!:_[;]:dxdydz

= 15abc

Method V: - consider a cylindrical as volume.
szap +Za2

Vle(a(/”P)+5(0)+8(p-z)j
P\ p O &

(20+0+p) =3

1
Y2,

GATE WALLAH ELECTRICAL HANDBOOK 720



® Electromagnetic Field Theory

1=[(V5r)dv

Y

= SI(ﬁoF)dv

\

5% [[[ ipasa

=15 (na‘h)
=15V
Method VI: - Consider a spherical as volume.
5
r=ra., Ver= 21_ o sinb-n g,0|=3
r<sino or
1=[Ve(5r)dv

=15["["["r*sinodrdodg

3
4 15[47TR ]
3

=15V

Note:
(@) In all three-co-ordinate system, closed surface integration in spherical co-ordinate is easier.
(b) Volume integral is easier than closed surface integration.

000
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ELECTROSTATIC

3.1. Basic Terms

(1) Electric Field Intensity (E)

(@) Itis physical quantity.
(b) It depends upon electric force per unit charge. (Test charge is positive and tends to zero.)

E:I_L
g
() F=gE=MLT 2=(AT)[E]
-2
=M _miatT
AT
N
(d F=gE=>N=C[E]= EEE
(2) Magnetic Flux density (B)
(@ Itis physical quantity.
(b) Ttis measured by Lorentz’s Force.
Frn=q(VxB)

-2
F _ MLT MA 1T 2

m

TV (AT

. W
©) Bziz N-S , Tesla, Gauss, ebzer
qv Cem m
(d) 1 Gauss= 1077/ Webzer /—N >
m C.m

(3) (D)= Electric Flux density or Displacement density
(@ Itis non-measurable quantity.
(b) Itistheoretical quantity.

(c) D=ecE=Electrical Property.
(d) Gauss Law: <ﬁ>5-d§ = Qenc

(e)  Electric flux density x Area = Charge
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® Electromagnetic Field Theory

= Electric flux density = m£
C
[Dl=—

2

3

() [D]— T =ALeT

(@) Itis non-measurable quantity.
(b) Itistheoretical quantity.

(c)  B=gH=Magnetic Property
() PH.AT= lene

S H=2 Hy=aLt
m

(a)  e=Electric Permittivity
€, = Absolute Permittivity.
=8.85 x 10" F/m

1 o10Fm
367

€, = Relative permittivity.
€,> 1 — Dielectric
€,= 1 — Free space or Vacuum or Air
€, <1 — Metamaterial
(b)  Dielectric: Dielectric is a type of insulator in which it has dipoles.

v

= Foc—

v

VVVVVY

v

(C) F= Q1Q22 :>MLT_2= ('AT)Z2
Arer [e](L")

[e] =ML L3 a2 74

(@) w=Magnetic Permittivity.
M, = Absolute Permittivity.
=471 x 107 H/m
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® Electromagnetic Field Theory

ur = Relative permittivity.
popr = pr >1 = Magnetic material
pr =1 = Non-magnetic material

-2
Azr L(A

3.2. C harge Distribution

1. Point 2. Line 3. Surface 4. Volume
Charge density Charge density Charge density Charge density
+
+ + T N
+ L+ 7
@ + L+ T
- e
+
Q pL, A ps, © pv, P
C C/m C/m? c/m?
Q= IpLdl Q= Hpsds Q= mmdv
EZ Q ar EZ pL—dlzar EZJ. ps—dszar EZJ‘J‘ ,Ovdvz ar
drer drer drer drer
+
+
«—0 il
+
+
+ *+
+ + 7] 63
+
8:; + + ﬁQ i +
+ 4 + + 65.—> 6].
+ + + i

5,
¢ 5, —>9,
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® Electromagnetic Field Theory

3.3. Electric Field and Potential due to finite length Line Charge

Rl el Gt o
; oy gS&%
: ,/’ [[211
Sfoon
+ J
+ J
+ )/ h
+ /
i+
+ g
+H o
+ )/
+ /I
+| /
+. ,/
0,0,0)
h—¢
tan o, =——
Yo,
fano, =—
E=_PL [(sin oL, —Sinay ) ap +(Cosoy —Cosa,) az]
4nrep
V=LL %secq da
g™

_P g |sec o, +tana, |
C4ng C|seco,+tana, |

Example: i[53
XAy
oy=—07, a,=—0 i
1=7 Y1, A2=-0; +p 0,
+ 7
E=FL |:(Sin92+Sinel)ap+(C0361—C0392)az:| + T
Amep + T2
+1l-7

3.4. Electric Field and Potential due to Ring

Q =p. (2ra)

_ oh

E-— X a
Az e(@ +meye

_ Q
“ire@ )" (@0.0)

(0,0,0)

(a) Electric Field and Potential at the centre of the ring.

Q

Area

F=0,V=
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® Electromagnetic Field Theory

(b) E- U
4z e[ (a—h)*+h*|

_ Q
4ze[(@-b3+h?]"

(©)
(0,0,4,)

(hz-h1)
(a,O,h])
g
(0,0,0)
i h —
E= Q( 2 hl) 75 az
Az e[a’+(h,-h)]
M Q 1/2
dze[a+(h,—h)]
(d) V:W;5 Potential due to ring
= o dv Qz
E=—W=——a=—F——a
& T dme @+ ) 0
(e)
a "
V2
a
. &
max. \ 2 o V2 32 6\/§7rea2
a4 ——
i JE)
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® Electromagnetic Field Theory

3.5. Electric Field and Potential due to disc

@ Q=ps(na?)

b E:& - h z
) 26( «/a2+h2}a

© vziﬁ( a2+h2—h)
h

(d)

) V Q (a2+h2—h)
(f)  Atthe centre of disc (h = 0)
E:&az:%az
2¢e 2rea
yopa__Q
2¢ 2rea

@ V=2 ]

€

. dav
E=—VV=—
dz

a;

:& 1— h a;

3.6. Electric Field and Potential due to Dipole

(@)

. E
R e EE R R )
-9 d q
}; Ca

Dipole moment = qd
P =qd (-ve to +ve charge)
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(b)
4+ +
ECa A
+ B S
+ 4
+
P=Qd (-ve to +ve)
(©)
HA N .
hfaininieii - - Cr
d f -
P
P=ed (Cl to H)
(d)
- =
Py
q +q F+ <y q Eexl
d T
Fv o -quxl
;:ﬁxﬁext.
Example:

If two-point charge +Q & -Q are placed at (-1, -2, -3) and (2, 3, 1) respectively then find the dipole moment for Q = 1C.
And also find torque on the dipole, if it is placed in a field region. E=2f+2j +2kV/m

Solution:
+Q -0
L °
(-1,-2,-3) (2,3,1)

d=(-1-2)i+(-2-3) j+(-3-1k
= —3i-5j—4k

P=Qd =1(-3i-5j—4k) = (-3i-5j—4k) C.m

i j k
7=PxEex=[-3 -5 -4
2 2 2

= (—21-2j+4k ) N.m
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® Electromagnetic Field Theory

(€)

{ P (Far point)

9.

r,>r>r >>d

Qdcosd Pcosd Pear

Vo= 2 2 2

drer® Admer® Adrer
_2Pcosé Psinéd

i Ep= ar+ a
(if) F Arer® drerd y

(i)

= Z(ﬁ'ar) ar+ ‘anr

drer drerd

(iii)

(iv) Vo, Eoc—

)
A (broadside)

r

6 =90°
o----Jl___e
-q q

A = Broadside point

(vi)
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® Electromagnetic Field Theory ®

0=0°
B = End fire point, V, P
B point, Ve Arer?
EB = 2P 3 ar
drer
At end fire point, Electric field is directed along radial direction.
(vii)
@--------- @--------- )
9 d 4 C
6 =180°
C = End fire point, V, =———
- point, Ve Arer?
EC = —2P 3 ar
drer
(viii) Electric Field atbroadside E, 1
Electric Field atendfire E; 2
= 2Pcosé Psing
iX E: r a
(1) drer? Arer® ;
ArO
Tl ) .
E/S
= Wy Al
E “Tr
Psing
Eoe 4 3 1
tang=— =47Zer ol
a E ~Pcosd =|tan oc 2tanH
Arer?

3.7. Electric Potential

The work done required to carry 1C of change from oo to any ‘P’, using any arbitrary path in the pressure of external Electric

field (E ), with constant velocity taking reference potential at ‘o0,

(@) AK.E =0 (Change in kinetic energy is zero.)
AP.E # 0 (Change in potential energy is non-zero.)

(b)  Velocity is constant. Acceleration will be zero. Hence, External Force is zero.

l_:.net :(_j :>|_:.e +ﬁext :(_j :ﬁen = I_fe e QE
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Electromagnetic Field Theory

(c)  Work done = I: Focodl = —j:QE. dr
(d) APE=Q(V;-V)=Q(V,-V,)
-G Eedi=@V,-V,)

VoV, =—[ E.di

(1) VoV, =—[ E.di

Reference will be at infinity.

Hence, Vv, =0V
Vo=—[ E.di
) Vig =Va—Vs =(Va-V,.)- (Vs -V.)
- Jea(fea)- [ea

final initial

During calculation of potential difference. There is no need for reference potential.

3.8. Potential Energy

0, o
L L L LT °
F

Potential Energy = ﬂ
drer

o 0, Q

®--------- @--------- °

rl }‘2

Potential Energy = QAR + QQ; n QQ,
Arer, 4rer, 4mre(r+r,)

Potential Energy = QQ + QQ, + QQ,
drer, 4rer, 4rer,
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® Electromagnetic Field Theory

3.9. Electric Energy Density

1.1 D?
= 1D Eotcpi=2
He= 3 2S5 Toe

2
W, = (Eﬁ.ﬁjdv:j(le Ezjdv:J'D—dv
2 2 I2¢

He = Electric Energy density
W, = Electric Energy

3.10. Coulomb’s Force

Q] r Qz
IR e SETCEEREEEEEEREEES ——>
Fia (x,)1,%) (x3,¥,,%,) Fa

F 2= Force on Q; due to Q;
F12= Force on Q; due to Q,

The size of charge is very smaller than distance between two charge. Hence, Q: and Q are being considered as point charge.

Fa =—Q1Q2 ar

drer
F:(Xz _Xl) ax +(y2 - Y1) ay +(Zz — Zl)az

ar=

==

ﬁlz =—Q1Q2 ar

Arer
r=(x,—x)ax+(Y, - y)ay +(z, - 2,) a

\
:

3.11. Coulomb’s Force

p
r (xlaylazl)

0 (X9, Y0,%0)
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® Electromagnetic Field Theory

(@ r=04—X)i+(%,—Yo) i+(z -2,)k
(b)  Point charge is placed symmetrically.

()  Medium should be Linear, Homogeneous & Isotropic.

= Q
@ E_47[er2
=_ Q
© D_47rl’2 r
v __ Q9
@ Ve V°°_47rer

@ VeD=p,=p,=0

+++++++
o

@1

++++++

(@) When line charge is placed along z axis.

ﬁ=(X2 - Xl)ax +(y2 - yl) ay
(b) When line charge is placed along x-axis.

/_j:(yz - yl)ay +(Zz - 21) a
(c) When line charge is placed along y-axis.

ﬁ:(xz _X1)ax +(Zz_z1)az
d) D=2LLa,
27p
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® Electromagnetic Field Theory

) E=—2 g,
2rep

(f) p =V.D=0

(9)

(3) Electric field due to solid sphere:

(@ Qr Z_[ORJ-O”IOZEp\, r’singdrdédg=p, (47;st

(b)  Electric field inside solid sphere. (r<R)

()  Queox PGS xr, Ez% S Ear

ar = 3ar
€ dreR

. = p.r_ Qur
(i) E 3

(i) E(r_R)_Be 4z eR?

(c) Electric field outside solid sphere (r > R)

(i)  Qenc = Constant, G.S o r?, E:%

(ii) g2 AR, . Q
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® Electromagnetic Field Theory

W AR__Q
iii) E(r=R")=2t—=—< _
(i ( ) 3g, 4re,R?

(d) Graph of Electric field intensity.

AE
8RO |
3¢, 4dneg, R’
5,k 0

3¢ 4nek’

r=R r

Electric field is discontinuous at r = R or surface of solid sphere.
E(r=R") Electricfield just outsidesphere
E(r—R™) Electricfield justinsidesphere

A EG
v AN
= =€
A BE
3
(e) Graph of Electric flux density.
sz”aer—raar r<R
3 4zR
3
= @ar = Q 2 ar r>R
3r Arr
¥
D
0 T
AnR* ; 1
o : oC—
: r’
1
r=~R r

(f) Electric potential of solid sphere.

Ve -V, = Q , r=R
Areyr

V, -V, = Q . QS(RZ—rZ),rsR
dre, R 8reR

At the centre of solid spherer=0
v Q ., Q

tre — =
" 4reyR 8reR
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® Electromagnetic Field Theory

(9) Energy density inside or outside solid sphere.
(i) Inside Solid Spherer <R

2 2,2 2,2
Ue=1€E2=le Qr 3 = er GZA/ r
2 2 \4reR 327°eR® 18e

(ii) Inside Solid Spherer >R
1 R 2 2R6

_- A _ A

Uu.=—-¢&, 5| = 7
2 3,1 18¢,r

(iii) Energy stored in solid sphere.

2,2 2p6 2p5 2p5
w=[" [" 7 A ' risingdrdodg + [ [ * AR 2gingdrdadg)= AR 2R
r-0do-0Js-0 18 -rJo-0dpo018 e 1 45ec | 9e,

v

a 27 o/
@ < ij=oj.¢=oj.zzoﬂ/-(,Odpd¢dz)=/q/ (wa’0)
(b)  Since, length is infinite. Hence, line charge is defined.
a 2r
o= L=o L:o 2, (pdpdd)=p, (7a)

(c) Electric field solid cylinder (p < a)
Qenc « p?, Gaussian Surface « p,
Exp
E_ALP, _ PP
E= 2¢ ap_27rea2 3
(d)  Electric field outside solid sphere (p > a)
Qenc = Constant, Gaussian Surface o« p

Eoc1

o,

(e)  Graph of Electric field
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® Electromagnetic Field Theory

Electric field is discontinuous at the surface solid cylinder.
E.F justoutsidethesolidcylinder E(p=a")
E.Fjustinsidethesolidcylinder E(p=a")
PL
_2re,a
PL
2rea

r

() Displacement Flux density

B: pL ap: p>a

- . apl p<a

Q
=\

(5) Electric field due to hollow sphere: -

+ +
27 rw R
@ Q=[] 0 sin0dodg)|. . = ps R (4n) = ps (4nR7)
(b) Electric field and potential.

E=0 r<R
2
=psi ar=4 Qrzar r>R
€ T E
ALl
O |
4 € R?
r==R .
V= Q r<R
dreR
= Q r>R
Arrer
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AV

4n e R

v

(6) Electric field due to hollow cylinder:

|

+++ ++ -+t

+++++§+++
tnO”J

2 0
@ Q= [, p.(pdgdr)|
(b) Since, length is infinite. Hence line charge is defined.

27
Pl 278 (pd ¢)|p:a

pL=ps(278)

(c) E=0 p<a

P p>a

Il &
v
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® Electromagnetic Field Theory

(7) Electric field due to thin sheet:

De =%an
an = unit normal to the thin sheet.
Iz
il

(8) Electric field due to thick Sheet:

an = unit normal to the thick sheet.
Vi

dn i ———
V]

3.12. Equipotential Surface

e The surface at which potential is constant, is known as Equipotential surface.
e  Equipotential Surface = In three dimensional.
e  Equipotential Curve = In two dimensional.

(1) Properties of Equipotential Surface
(@ Work done along tangential direction of equipotential surface is zero.
WAB = Q (VB*VA) =0
(<-Va=Ve)
~W,.,=0

tang. —

Equipotential
Surface
(E.PS)

[0
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® Electromagnetic Field Theory ®

(b) Electric field is zero along tangential direction. Because, work done along tangential direction of E.P.S. is zero.

W,,,, =0 =Q[EdI=0 =[E=0]
(c)  Work done along normal direction of E.P.S. is non-zero.
B

E.PS,

EPS,
Waes =Q (VA—VB)#0

(" Va#Ve)

Wnormal 7é 0

(d)  Hence, on equipotential surface, only normal components of electric field will exist on the surface of conductor.

(e) Equipotential surface and Electric field will intersect orthogonally or at 90°.
() Conductor (Perfect Electric Conductor)

Since, Electric field inside conductor is zero. Hence, potential inside conductor is constant. So, conductor is
equipotential surface. Thus, only normal component of Electric field will exist on surface of conductor.

1. Point Charge: - E.P.S. due to point charge is concentric sphere.

(o)
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® Electromagnetic Field Theory

2. Infinite length line charge: - Co-axial cylinder

3. Hollow Cylinder: -
Inside = Entire Cylinder is E.P.S.
Outside = Co-axial Cylinder

4. Solid Cylinder: -
Outside = Co-axial Cylinder

EPS,
, EPS,
5. Hollow Sphere: -

Inside = Entire hollow sphere
Outside = Concentric sphere

6. Solid Sphere: -
Outside = Concentric sphere
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7. Thin Sheet: -
Planes parallel to sheet
EPS

8. Point charge dipole: -

Q -0
> L—<J Non-concentric
Non-concentric  plape V = 0 sphere
sphere (V<0)
(V=>0)
9. Line charge dipole: -
+3, g% i
e \ L—<{ Non-coaxial
Non-coaxial  plane V =0 cylinder
cylinder (V<0)
(V=0)

3.13. Dielectric - Dielectric Boundary

Surface charge
57 density
s

® o /L =K

(D Region

€,po,=0

€5,1,6,=0

@ Region
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A\ V4
° El =Et1 -|—E’n1
° EZ :Etz -i-E.n2
[ ]

E, =Esin6,, E =E,sinb,

E, =E.cos8,, E, =E,cos6,

e Z =K = Boundary or Interface.

e a, = unit vector which is directed 1% medium to 2" medium.
o {pD-ds=Q,, =(D:-D)-au=p

. @E-ﬂzO =E, =E,

tand, <

—1 when ps =0
tand, <, ps

e When €, (denser) > €, (rarer)

Then 61 (away from normal) > 6, (to words the normal)

e Electric field is directed away from the normal in denser medium and is directed towards the normal in rarer medium.
Case I: - ps =0 (Charge free boundary)

(1) Dnz =Dmn

Normal component of Electric flux density is continuous across boundary or interface.
(2) En=En

Normal component of Electric field intensity is discontinuous across boundary or interface.
(3) Ew =Eu

Tangential component of Electric field intensity is continuous across boundary or interface.
(4) Di2#Du

Tangential component of Electric flux density is discontinuous across boundary or interface.

Case Il: - ps = 0 (Charged boundary)

(1) Dn2 #Dm
Normal component of Electric flux density is discontinuous across boundary or interface.
(2) Eni#En0rEn=En
Normal component of Electric field intensity may be continuous or discontinuous across boundary or interface.
(3) Ew =Eu
Tangential component of Electric field intensity is continuous across boundary or interface.
(4) Dp#Du
Tangential component of Electric flux density is discontinuous across boundary or interface.
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3.14. Dielectric - Conductor Boundary

0

Dielectric
Conductor

2

e As conductor is equipotential surface, then electric field will exist normal to the surface of conductor.

e Since, magnitude of electric field is non-uniform at every point of conductor. Hence, surface charge (ps) induced in
non-uniform on the surface of conductor.
Since, surface charge is non-uniformly distributed on the surface of conductor. Hence, centre of charge is introduced

to make mathematical calculation easy. The centre of charge is known as image charge. Image charge actually does
not exist inside the conductor.

(Image charge)

e Dielectric — conductor interface is considered as plane mirror.
e Charge is considered as object.

O (object)

QU

Plane mirror

21/l

QU

|
()
=
=
o
(0j°]
(¢}
N

e PEC (Perfect Electric Conductor)

e PMC (Perfect Magnetic Conductor)
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PEC (Perfect Electric Conductor)

® Electromagnetic Field Theory

A A I 'Q @I
N L
I+ . I
Dielectric Vo Qo +Q
Conductor R A T 40 0 -Q
d = M ®|
Jo fo ¢ *Q
e PMC (Perfect Magnetic Conductor)
1
—_—> A @[
——— v
1 @1
_|_
p +
=p
+85
+ <
+,
2
EszRZ
er

At r =R (surface)

R

,—-—_I_——-..\
‘-.._______/

D(p=a)=p;sa,
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(I) When Electric field is pointing away from the conductor.

//

74

8,

5,

o

When conductor are placed at angle ‘0°.

Assumption:
(a) Charge should be placed at symmetrical.

(b) % = integer = n

Then, Number of image = %—1

Number of image + object = ?

To find the location of image.

It 6 = 60°, Number of image = %—1:5
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(-d-d) &

+0
e 0=60°0Q
, 4-Q
Number of images = %—le §3 +Q
e 0=45° -0
. 360
Number of images = -1=7 >4
I—> 3O
Question:

A point charge ‘Q’ is situated at a distance ‘I’ from the centre of a grounded conducting sphere of radius ‘R’ (d > R). the value
of the image charge is ‘q’ at a distance ‘b’ from the centre. The quantities ‘q” and ‘b’ will be respectively.

R R? R? R?
(@) (_E]Q and i ©) (FJQ and El
R? d? R d?
(b) [—FJQ and ? (d) (—EJQ and ?

Solution:

V—— 9 Q g5 q__QRD) (i)
Are(R-b) 4re(d-R) (d-R)
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@, Q4.  QRsb

VB:47ze(R+b) 4re(d+R) (d +R)

From (i) & (ii)

_Q(R-b)__Q(R+b) | R-b _ (R+b)
(d-R)  (d+R) d-R (d+R)
= (R-b)(d+R)=(d-R) (R+b)
= dR—bd+R?~bR=dR—R?+db— bR

2
= 2bd=2R*= b=%
RZ
R-——
__ol__d|__QR
=-Q 4R [T 4

000

..(ii)
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CAPACITOR

4.1. Introduction

1.

g
z<a a<z<b z>b
ay =4, Ay =4, 4y =4,
énz :_az aﬂ2=_az anz: az
/ I I
Z=a Z=
h- Ocq +0
E _[9s1+9s2 |4
: ( 2¢e ( Z)
= f.551=0g2 )
E, =
] ( 2¢ Z
. Oc1 +0 A
Emn= 512 szjaz
€
E| :ﬁéz
+3, +38 aE
(a) E“ =0
] ] Ey _5_332
E, y Eyy €
= Oc .
E| :zaz
(b) E“ :6
. -0
o E,=—4a
E, Ey, Ey i € z
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5 5 B =0
& §
-~ 0
c S 4
© Ey=—4,
(S
A Ey =0
w By By i
It is passive device in which it store Electric Field inside it.
e Electric Field outside capacitor is zero
o Electric Field inside capacitor is non- zero.
It is an ability to store Electric Field inside it.
C= e = G Farad
V  volt
.......... e .

5

— A

YVYVYVY

Fringing effect

l

(@)

When HA >>1=Nofringing effect.

? <<1=Fringingeffect.

e During Fringing effect, Electric Field will exist outside the capacitor. So, capacitor will show non- linear effect.
o When Fringing Effect = C = ATE

e When no Fringing Effect = C :ATE
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—> A
—>
d
@ Q=6dsA (b) A=IW
© E=%5_Q d) V=Ed
e Ae
C _Ae
(e) d (f) D=36s
@ wv=0Q (w=Flux)
(h)  Fq=Force on charge 'q' placed inside capacitor
| ol F,=qE
(i)  F =Force between the plate of capacitor
2 2
Folopo Q0 %A
2 2Ae 2¢
2 1
F ocQ, Foc A, Foc —
Sy
(i) W = Energy stored inside capacitor
2
w=1cy? =Q—=le
2 2C 2
(k)  pe = Electric energy density.
2 2
Ue = 1 c E2 = 8_3 = Q_
2 2e 2A%c
1 Q2 _F @
() F=-QE= Pressure = — = =
2Q 2A€ A opZc e

Hence, pressure & electric energy density both are same.
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6. Series Combination of Parallel Plate Capacitor
+V, —+V,

78N o

/_
i

@ Q=Q2=Q

Aene Aene
(b) Cl: dO 11 sz dO 2
1 2

Agyge,  Ag

M dp e, +0, €1_ﬁ+d72

o' e, . eeff\

+
A Ep Eeif

d d, d
oo eff 1, V2
Seff € €2

G _(a)fd% Vi_[e|%
© C, (62](%] © Vz_(elj(dzj

) E €
R o 22
2

C

S2 il
(@) ﬂ=1:>D1=D2 ) 1oy =y,
D, 7}

)y b= pM_[S2|d
0 F_z_(elj 0 Wz_(%](dzJ

Ul_ E_Z
(k) E_[elj
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® Electromagnetic Field Theory ®

V//A_,Al

7. Parallel combination of Parallel Plate Capacitor.

d
_Ass
©= d
A g
C, =25
c (Aaths)s
eq d
G _As b) Vi=V,=V
(a) S, A, (b)
© 2-AS e
QL As ds2 &
_ D_«
E =E sy
(e) 2 (f ST
w_As A i
© v, Ae - FR As
N WM Ag oy W <IN
0 W, Ae g U e

8. When dielectric is placed between Parallel Plate Capacitor

Er

7/'
1
—
-~ —> A
1

—e=1 e =1—_ e =1
o
s
-~
=
2

: T i

=P
‘L—) <> (—J‘
d, ¢ d,
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® Electromagnetic Field Theory

:Aeo szAeoer C:Aeo
d; t eff
1 dy N t N d;
Cq Agy Age Ag
N et _ d, N t N d;
Aey Agy Age, Ag
t t
O =0y +dp +—=(d —t)+—
Er €
9.  When conductor is placed between Parallel Plate Capacitor
conductor
74
~
~
L]
=~
= h
7 | A i
L]
~
=
~
s
=
G e
d
10. Different types of Capacitor
Capacitor Name Formula
L ‘{ }‘ Parallel Plate c_Ae
Capacitor d
Co At e
2. Spherical Capacitor 11
a b
+
X X
Isolated Spherical B
3 + + Capacitor C = dnea
X
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® Electromagnetic Field Theory

2ne
2] - H H =
Co-axial Capacitor In(b/a)
b :
~_—/ Capacitance per unit length
4, / /
, TE
Py Py Twin Wire Capacitor C'= -
N N1 h h
: 5 In[ + () 1]
a a
: d=2h| _ B e
5. : cosh™ (hj
a
forh>>a
me
C'=
5
In| =
a
G cWe
W/’ Semi-Infinite Par_allel 4
Plate Capacitor
d

11. Series combination of spherical capacitor
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o Electromagnetic Field Theory

12. Parallel combination of Spherical Capacitor.
(6 = should be in radian)

13. Series combination of Coaxial Capacitor

2neyq 2n ey CGC,
- In(bj 2 In(cj ! 7 o
a b

14. Parallel combination of Coaxial Capacitor.

€

9(6061)
In(b/a)

C =

_ (275—6) S
2" In(b/a)

Ceq = C1+ C2
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Electromagnetic Field Theory

15. Energy stored in Spherical Capacitance.

dner
2
1 1
“ez_EEzz_e( S 2) = zQ 4
2 2 \4ner 332n“er
b 2n =« 2 2 b 2 2
W:I I J‘%rzsinedrdedq):Q_(_lj :Q_(l_lj:Q_
r:(,11(3:()4):(._)327t er 8ne\ r), 8rmela b) 2C
where C= 4me
B
a b
16. Energy density inside Co-axial Capacitor
b a
el /
€
€
2
it
2 \2ned
51 2
W= L In(Ej, Q=§, c=2“_€', w=
4ne| \a In(bj 2C
a
Where | = Length Co-Axial Capacitor.
17. Inserting dielectric keeping charge on the plates of capacitor constant.
+Qo |_Qv
| | €,
+ VS a +Q0 - QO +Q /_ Q
I + - e
Vs
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Electromagnetic Field Theory

Ae
COZTO CZCO €
Vv =2 Q=Qo=CV
Co
Vs
Q=Qy =CoVs V==
r
Q
SSO:IO 88 =8SO
Eo—ﬁzvs E:E
g d €
D0:850 D=D0
Yo =Qo Yo =Qo
1 Fo
Fo EQoEo F_e_r
2
WO:QL Wz%
2C, =
1 2 Uo
= — u__
Uo 260 S c,
+0) ) T
£_0| ; | LU +Q /,Q
M Z
+ Vs _
* Ve =
II | |
||
Vs
Cozﬁ C=C, e
d
V =Vq V=Vs

GATE WALLAH ELECTRICAL HANDBOOK

7.58
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C.
Qo =CoVs Q=Q, &
d.
dgo Q_Ac: ds =8s0 &
V e.
Eo — 8So _s E= Eo
EO d
f.
Do =050 D=D, &
_ g. _
Vo =Q Vo =Vo &
h.
F %QoEo F=F e
1 i.
Wo ZEQOVS W =W, &
uo—leo E2 ! Uu=u,
2
000
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MAGNETOSTATICS

5.1. MAGNETOSTATS

(a) Biot-

Savart Law

Y,

RICEES
4nr

~Y

Idi = Elemental current
4, = source to observing point
é‘H = é.| X él’
(b) Current Distribution
(a) Point current density or | (b) Line current density | (c) Sheet current or surface current | (d)VVolume current
Elemental current density
| A2l !
X0,
O
L di ' k,Js,J J,Jv
(A/m) (A/m?)
(c) Surface current
—
(i) b K= 1
a
—
_—
N B |
(i) ——1lp K=-
_ b
_—
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(iv)

(v) It = [ (Kx&,)di or [Ke(dixa,)

(d) Volume Current Density

_ Total Current
Cross-sectional Area

J=L, I=JS cosO
cos0

= =G

1= [[3ds

It =§paeds

(e) Magnetic Field due to Finite Length Wire

H :L(sinocz —sinoy)(4, x &)
4rp

&, = Direction of unit vector from source to observing point
4, = Direction of current

Electromagnetic Field Theory
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® Electromagnetic Field Theory

= | . . A A
H=——(sin6, +sin6;)(4, x4,)
4mp
&, = Direction of unit vector from source point to observing point

(f) Magnetic Field due to Ring Current

(0,0, h)
P
ST
@00 —7>
0.0.0)
la%4,

(g) Magnetic Field due to Infinite Length Wire.

(h) Hollow Cylinder
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1 — > P
p=a
For p > a, hollow cylinder behaves like a line current.
a 2rn
W) tr=| [ I(pdpdd)=J(ra?)
p=0¢=0
x5 JP A A lp ,» A
(i H=—(4 x&)=—=(@ xa) p=<a
2 2na’
Ja% o v b .
= Z_(al xar):_(al ><ar)
np
p
Outside it behaves like a line current.
= T U1 1)
(i) B=pH =—= p<a
" 2na’
21p
B(p = a’) = Magnetic flux density just inside solid cylinder.
B(p = a") = Magnetic flux density just outside solid cylinder.
Blp=a") Mo
B
Blp=a)f-—-7;
. oC
Blp=a)f---/-- :
' oC—
_ p
p=a

Magnetic Flux Density is discontinuous at the surface of solid cylinder (p = a).
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® Electromagnetic Field Theory

() Thin Sheet

ISP

—e P
H- K X 8,
2
(K) Thick sheet
a,
P
H=0
(PMC)
H=Kx4,
() Circular Motion in Magnetic field
Fm
Y
(i) Z(L_>x
B 4
B=By(-4;)
V:V0(+é-x)
IEm ZQNX B)

Ifm = Q(Voé-x x By (_é-z)) =qVp Boé-y

2
i) ™0 _ o8, = R="Y0 (ragius of circular motion)

2=
(iii)  Angular frequency = m:\%:%
_ o QB
21 2mm

(iv) Time period of circular motion

f By

T:1:2nm
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(i)

B= Boa,
V =V, cos04, +V,sin6a,

= BV sin(-4,)

V—V CfS 0+V slin 0 = Helical motion

Linear  Circular
Motion Motion

mViZsin? @
R
~ mV,sin®

By

(i) =(QByVysin®

R

Electromagnetic Field Theory

v

(i) wzvosmez qBO' f qBy
R m 2mm

T_2nm

M =8

_ 2nmV, €osO

9By

e
ViV, 6‘0 O

Fm=q(V xB) = q((\/o oS04, +V,Sin6a, ) x (Boéx))

>

p

0 = 0° = Linear motion
0 = 90° = circular motion

Vjar = Linear motion
V., = Circular motion

Note: 0 = Angle between B and V .

0° <6 < 90° = Elliptical motion
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® Electromagnetic Field Theory

|321= Force on wire (2) due to wire (1).
F, = Force on wire (1) due to wire (2).
I, = Position vector which directed from wire (1) towards wire (2).
1, = Position vector which directed from wire (2) towards wire (1).

2nd
y
JZ S Y A
(i) — x
—a
F =—“'1;2'2(ay(ayxax))

plgloly o
i 1d2 (_ X)

d
1150,
e 1d2 2 4,)
Hence, force per unit length.
Fa_e Fo_g.
% =F, ILZ =F1
2 1

If'21 :—If'lz (Equal and opposite hence it follows Newton's third law.)

(iii)
Y
IR o v,
> Z X
¢ d »
= gl A A A
-840
= P _uhib g
2170, 2nd (&)
(iv)
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Electromagnetic Field Theory

Fio =
= _E_ Hlllz
=7 S5 7
1
(V) e
" a
d'flz =
Fo =
Fn=-F,=
(k) Magnetic - Magnetic Boundary
Region (I)
el? “‘I’ cSl = 0
629 u2’ 62 = 0
Region (II)

1. K= Surface current (A/m).

4, Ht]_: Hlsinel, th = stinez
Hp, = Hic0s0s, Hp, = Hzc0s0;

5. Z=K = boundary or Interface.
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® Electromagnetic Field Theory ®

&;, = Unit vector which is directed to 1 medium to 2" medium.
{pBds=0= (B, - B J-4, =0= B, =B,
@H"al’ :Ienc = th - |:|tl = K Xé.lzor K =312 X(th - Htl)

@0 _ M henK =0 (surface current)

tan 62 Ho

10. When p; (denser) > |, (rarer)
then 0; (away from normal) > 0, (towards the normal)

11. Magnetic field is directed away from the normal in denser medium and directed towards the normal in rarer medium.
Case | : K=0 (Current free boundary)
1. an = Bnl
Normal component of magnetic flux density is continuous across boundary or interface.
2. an #* Hnl
Normal component of magnetic field intensity is discontinuous across boundary or interface.
3. th = Htl
Tangential component of magnetic field intensity is continuous across boundary or interface.
4. B[2 # Bt1
Tangent component of magnetic flux density is discontinuous across boundary or interface.

Case I1: K # 0 (Surface current = 0)

1. an = Bnl
Normal component of magnetic flux density is continuous across boundary or interface.
2. Hp, #Hy

No component of magnetic field intensity is discontinuous across boundary or interface.
3. Hy, #Hy

Tangential component of magnetic field intensity is discontinuous across boundary or interface.
4. BtlzB[2 or BthtBt2

Tangential component of magnetic flux density may be continuous or discontinuous across boundary or interface.

l. Dielectric — Dielectric Boundary . Magnetic — Magnetic Boundary
1_ Etl + Eﬂl == El 1 |:|1 = Fitl + l:lnl

2, Etz + EnZ = EZ 2 l:iz = Fi'[z + _’nz

3. | Dy —Dnlsz 3. B”Z :Brﬁ
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® Electromagnetic Field Theory
4. | B, =E 4| Hy, —H, =Kxa,or K=4,x(H, =H
t, = Ey t, ~ My 42 42 t t
5 (52—51)'312 =Ps > (BZ_BL)'é-lZ =0
6. | ps=0 6. |K=0
a. D,, =Dy, a. By, =By
b. Etz - Etl b th == Htl
-~ EE, - H
E, 1
tan6, & d tanb;
tanf, e, Ctanf,
e. Denser Medium = away from the normal e. Denser Medium = away from the normal
f. Rarer Medium = towards the normal f. Rarer Medium = towards the normal

Conductor

O o,

{n o,

Conductor

(i) @SJ .ds=0 (KCL)

= Ty, =3+ (J= 3 ) =0

J,

- . ty Yy

i) k. =F = —=—

e G2 ©O1

j _ . GZ‘Ttl
2 7] o

I = Anticlockwise

(@) ® = Qutward
® = Inward
I = Clockwise
H=®

I
() [S-} | N

H=®
North pole = ©®
South pole=®

North pole= ®
South pole=®
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(c) Magnetic dipole moment (M )

® Electromagnetic Field Theory

M = (Current) - (Area) and (directed normal to the surface)

/

@ M =1(ra®)®
1

M =1(ma®) o
I

b M =1(ab)®

M =((a+b)h)o

» > >
Ko7 AB=(xp =) +(y2— 1)+ (2, ~2)K
AC =(x3—X)i +(Y3— Y1) ] + (25— )k
A B(xzz Vs Zz) I\_/] = I (l(ﬁ X A—C)j
(x5, Y1, 21) 2

M =—(1(ACx AB))

C
E |
A B

Y, =|(ﬁxﬁ)

M =NIS, N = Number of turns.

I = Current flowing through loop.

S = Area of loop

(d B= :l?t—l:g(Zcoseér +5in64g )

.1
'I
]

R
[Sfeneeees N

000
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MAXWELL
EQUATION

6.1. Type of Medium

(A) Free space/air.
e Volume charge density (py) =0
e Conductivity (o) = 0 (perfect insulator)
e Dipole moment (P) #0
o Displacement current density (Jg) # 0

o c=e = x10°F/m = 8.85x10"2F/m
° 36n

o n=p,=4nx10"H/m

o =1, Llr:l

(B) Lossless Dielectric/perfect dielectric: -
o Dielectric is a type of insulator in which it has dipole.
o Perfect dielectric means perfect insulator.
e p~=0,
e Conductivity of dielctric (o4) =0
e Dipole moment (P) # 0
o Displacement current (Jg) # 0
[ EZEOEr
* H=olr
e Ingeneral & > |l and u, = I (Non-magnetic).

(C) Lossy Dielectric/lmperfect dielectric: -
e pv=0
o og# 0 (It gives conductor loss)

o e=ge
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® Electromagnetic Field Theory

L= Mo Hr

In general €, > | and = | (Non-magnetic).
Dipole moment (P) # 0

Ja # 0 (due to dipoles)

Conduction current density (J¢) # 0

— due to conductivity of lossy dielectric

6_0'<i = Lowloss dielectric
we 100

i< G_d<100 = Medium-loss dielectric
100 we

9d 5100 = High-loss dielectric

e
Uncharged Dielectric
® -
@ e O
Q=+ &
py=0
Uncharged Conductor
e e €
e e €
®
e e e
® ® ®
py=0

(D) Conductor:

pv=0, oc # 0 (Very high)

oc = conductivity of conductor.

but ps # o (surface charge density).

Charged Dielectric
+ o+ o+
+ + +
+ + +
+ o+ o+
+ + +
Py#0
Charged Conductor
py=0
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® Electromagnetic Field Theory ®

Conductor is very high loss dielectric.
Perfect conductor: - oc = oo (Very-very high)
eg: - Gold, Silver etc.

Good conductor: - oc = very high

eg: - Brass, conductor etc.

Poor conductor: - oc = high

eg: - Aluminium

6.2. Types of Conductors

E =0, H = maximum

E = maximum, H=10

E=0,H=0

6.3 Properties of Medium

(A)

(B)

©)

Linear: If consecutive property of any medium does not depends upon strength of field, then that medium is linear.
o, I, € # f (E, H) — Linear Medium o, y, € = f (E, H) — Non-Linear Medium

E E2 H?3
§=—+—+——

10 1023 20319
Homogeneous Medium: If consecutive property of any medium does not depends on the point in space, them that
medium is homogeneous.

€r=5 — Homogeneous

€r=5 — Linear +.....=Non-Linear

€r=10x (x + 9) — Inhomogeneous

€r=f(10f+ 1) — Inhomogeneous
€, u, 6=1(x,v,2,0,9,zr, 0, $) — Inhomogeneous
€, w0 #f(X,y,2 9, ¢,zr, 0, $) — Inhomogeneous

Isotropic Medium: If consecutive property of any medium does not depends upon direction, them that medium is
isotropic.
Case I: Isotropic Medium
D=cE, ¢ =3
D=3¢, E,=(D,i + Dy j+ D,k) =3, (Ed +Ey |+ EXK)
D, =3¢, Ex, Dy =3 E, D,=3&, E,

Since Er is same in all direction. Hence medium is isotropic.
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® Electromagnetic Field Theory ®

Dx 300 Ex
Dy|=/0 3 O|E,|Ey
Dz 0 0 3 Ez
l, Scalar Matrix — Isotropic Medium
Case I1: Uni-isotropic Medium
D, 3 0 0| E
Dy |=5,|0 4 0| E,
D, 0 0 5 E,

l, Diagonal Matrix
Dx = 360Ex, Dy: 4€0Ey, DZ = SEOEZ
Case I11: Anisotropic Medium

D, 2 3 4| E,
Dy |=€|5 7 9] E,
D, 6 3 1 E,

Dy = 2€0Ex + 3€Ey + 4eoE;
Dy = 5€0Ex + 7T€oEy + 9€oE,
Dz = GEoEx + 360Ey + EOEZ

’ Note: All homogeneous are isotropic and all isotropic are homogeneous.

Hie=
(D) Non-Dispersive: - If consecutive property of any medium does not depend upon frequency then that medium is non-
dispersive.
o =2 — Non-dispersive
o = Swe — dispersive

6.4. Electric Gauss Law

Total electric flux through closed surface is equal to algebraic sum of charges enclosed.
‘ﬁ)D'dszQenc

(a) V+D=p, — Point Form of Gauss law

(b) §pDws=[f (Vﬁ)dv= [[] udv

Gauss theorem or divergence theorem

(c) ﬁ)ﬁodEETotal Flux through Closed Surface.

(d) <ﬂ>§-d§zTotal number of electric field lines.

(e) Gaussian surface must be closed.
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® Electromagnetic Field Theory

<X
Y

(f) Gaussian surface may be irregular/regular.

Y=q Y=q Y=q

(9) The charge will be placed anywhere inside the Gaussian surface.

st &k

at center Anywhere Just outside
Y=q

(h) When charge is placed outside the Gaussmn surface.

outside Just outside
Bele Y=o
(outward flux = inward flux)

(i) Qenc = algebraic sum of the charges enclosed.

Qenc = q1—- Q2+ Q3— g4

(j) Total flux through closed surface

() N (i)

at center outside
¥=q Y=o
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® Electromagnetic Field Theory

(iii) % (iv) #‘

(/

Just inside Anywhere inside
Y= q Y = q
Yo vy TS,
Just outside at the ?uaface
Y=o W= >

(k) Total flux through cube, when charge is placed at

°q
. q
(1) (ii)
Y=q Y= %
(Flux through one cube). (Flux through one cube).
d g

(iii) (iv)

¥= g ¥= g

(Flux through one cube). (Flux through one cube).

() Flux through the plane

(m) Flux through infinite length plane
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® Electromagnetic Field Theory

6.5. Magnetic Gauss Law

Total magnetic flux through any closed surface is zero.

@E.dé’:o

(@) Pointform =V.B =0

(b)  Integralform = B.ds =0

gfﬁé.dE =0 r— Divergericeless
— — Solenoidal
ve=0 [ , Magnetic monopole does not exist
L Originating and terminating
©) point are not defined

6.6. Electric Field Conservative /KVL.

gﬁﬁa =0, VxE=0
Work done in a closed path is zero.
Ef)EEzO — Irrotational
o —> Path independent
VxE=0 — Conservative

— KVL
L Does not exist in a closed loop

6.7. Ampeare Circuital Law

Total magneto motive force in a loop is equal to algebraic sum of current enclose.

gSW.cﬂzlenc,§xﬁ=J.

() If loop is closed in anticlockwise or counter clockwise direction, then
(1) Outward current is taken as positive.
(i) Inward current is taken as negative.

(b) If loop is closed in clockwise direction then
Q) Inward current is taken as negative.

(i) Outward current is taken as positive.
® %A SN
©10A $H.dl =lenc

® 5A
=-10+5=5A
(©)
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® Electromagnetic Field Theory

® 30A
® 20A Cf)ﬁ ﬁzl
d ' enc
@ ®104 =-20-10=10A

(& :

Le—.
I
=|
I

lgne =31 —1=—2I

6.8. Maxwell Equation in Statics

Integral Form Point Form
() $D.dT=Qepc VxD=p,

Electric Gauss Law

(b) $Edi=0 Y E 20
Electric field conservative

(© {pBds=0 VxB=0
Magnetic Gauss Law

(d) H.AI=1g Vx H=J

Ampeare Circuital Law

6.9. Maxwell Equation in Ideal and Practical Medium

Ideal Practical
(a) §FD.05= Qe v v
(b) V.B=p, v .
(c) — ~_Qenc 4 x
Eeds=——"—

fpEas==C

. v
@ VxE=£v i

€
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Electromagnetic Field Theory

o
e) $E-di=0

(f) VxE=0

© $D-di=0

(h) VxD=0

(i) §pB.ds=0

() V.B=0

(k) pH-ds=0
() VeH=0

(m) giﬁ.—lzlenc
(n) VxH=]

(0) $Bedl=prlgne
(p) VxB =

e |deal Medium: Linear, Homogeneous, and Isotropic

e Practical Medium: Non-linear, Inhomogeneous and an isotropic.

6.10. Maxwell Equation in Different types of Medium

« JpD.ds=0 V.D=0
o PE-di=0 VxE=0
« {pB.ds=0 V-B=0
o PHedl= gy VxH =]

Q=0,p=0,ps=0,py=0
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@

§pD-ds = Qenc V.D=p,
E{;Ed‘izo VxE=0
4ﬁ§d§=o V.B=0
gSﬁE:O VxH=0
ﬁf)-ds_o V.D=0
ggﬁ.mzo VxE=0
9‘_j>§.ds—o V.B=0
gSH.dl:o VxH=0

Electromagnetic Field Theory

1=0,K=0,J=0

Q=0,p.=0,ps=0,pv=0
1=0,K=0,1=0

6.11

. To Find Unknowns of E, H&V.

(@)
(b)
(©)
(d)
(e)

V.B =0 —Unknownof B

V xE =0 — Unknownof E

V2V =0 —Unknown of \V

py=V:D

J=VxH

6.12. Continuity Equation/KCL

It gives flow of charge in a medium.

Continuity Equation in point form.

V.\]:ﬁ
ot
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Electromagnetic Field Theory

@.

Continuity Equation in integral form

§pids=- Jy(%jdv

e KCL

_St
(a) Py =Py ©

_ot ilof
© p, =p e ° (d) Q= Qe °

Where £ =1 (Relaxation time constant)
o

e Flow of charge in conductor.
o is very high
So, T (Relaxation time constant) =0
%t
Hence, p, =€ ¢ =0

o
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® Electromagnetic Field Theory

Very fast flow of charge in a conductor. So, charge does not reside inside conductor.
o Flow of charge inside insulator.
o4 = 0 (very low)
So, t (Relaxation time constant) = co

There is no flow of charge inside perfect insulator.

6.13. Laplace’s Equation/Poisson Equation

(i) For Ideal Medium

VZV:ﬁ
(ii) For Practical Medium y
V.(e(WV))=-sy

&(VAV)H(V) (V. )=- &

dv — Free space/air/vacuum/uncharged/ dielectric/conductor/singular charge distribution/cavity/source free medium charge
free medium.

V2V =0 = Laplacian Equation

6.14. Difference between Laplacian & Poisson Equation

Laplace’s Equation Poisson Equation
@ | vAv=0 0 | vav="v
£

o NV oV N N N P
(b) yt 5t 5 =0 (i) Tt Tt

ox- oy- oz ox- oy oz &€
(c) Complementary function (i) Complementary function + Particular integral
(d) Unique solution and follow unigueness theorem (iv) Does not follow uniqueness theorem
(e) Linear Equation (v) Non- Linear Equation
4] Homogeneous Equation (vi) Non- Homogeneous Equation
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® Electromagnetic Field Theory

6.15. Magnetic Force

I = length of wire and directed along current direction.

6.16. Magnetic Energy Density

15 1 ,,, B?

=—BH=-uH"=—

Hm 2 2/” 21
7 =%3.A where 4 = Magnetic vector potential

6.17. Faraday’s Law

When magnetic field lines cuts conductor, then an electromotive force will be developed, which is known as induced

electromotive force.

The induced electromotive force is directly proportional to time rate of charge of flux.

dym T
eaT: Faraday's Law & _ dym™,
N
Lenz’s l
oB Law Faraday’s
Eedl = || ——-
fear[]-Leas i
vxE=-B
ot

ey, =Magnetic Flux

N = Number of turns

I = length of solenoid
@ = Magnetic flux due to one turn

A = cross-sectional area of solenoid
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e 1=(N-1)d
|
[ ] H:M
I
. %:BA:leA

|
o Wpn=LI(Weber)

_ _uN? i
dt I dt dt
. V:_e:+|_ﬂ
dt
(g9) Toroid
a+b
° =—
2
o | =2xr
NI
Y =
2mr
e B=yH =N
2nr
. ¢m=[,uNIA]
2nr
2
. v, N%_{”N A]|:L|
2nr
° V: —e=+ %: d_l
dt dt
2
. I_:,uNA

2nr

Lorentz’s Force

*  Fuet :q(VXB)‘*‘qun

Electromagnetic Field Theory

GATE WALLAH ELECTRICAL HANDBOOK

7.84



® Electromagnetic Field Theory

[ ) EIHZEXV
e e=BVL siné

<c

mwme

6.18. Modified Ampere’s Circuital Law:

(a) Conduction current: - It is due to flow of electron. It is due to conductivity.
e Since, conductivity of conductor is very high. Hence, conduction current is very high.

e Since, conductivity of dielectric is very low. Hence, conduction current is very low. (Leakage Current)

(b) Displacement current: - It is due to rotation of dipoles.
¢ Since, number of dipoles inside conductor is very low. Hence, displacement current is very low.

e Since, number of dipoles inside dielectric is very high. Hence, displacement current is very high.

Conductor Dielectric

le >1g le <y

(d) Ampeare’s circuit law is modified by maxwell

cj}ﬁ-az lene = IN statics
cﬁﬁ-al': I, + 14 =In time varrying

(e) Modified Ampeare’s circuital low in integral low

$Hdl =1 + 14

(f) Modified Ampeare’s circuital law in point form

(9) I = Conduction current density = oE

— oD

§=—= ga—E = Displacement current density
ot ot
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1o =[[Jc.ds

I zaWe
47 gt

=Time rate of change of electric flux per unit time.

6.19. Maxwell’s Equation in time Varying Fields

@  pDeds =Qenc 0) V-D=p,
Electric Gauss Law
()  JpB.ds=0 (i) V-B=0

Magnetic Gauss Law

- B . -
c Eedl =— || —<dS iii VxE=——=—jwuH
© ¢ I3 (i) VxE=-—2=—jwu
Faraday’s and Lenz’s Law
I . s = =
(d) qSH.d|=|C+|d (iv) VXHZO'E+EE:(G+1W€)E

Modified Ampeare Circuital

6.20. Magnetic Vector Potential and Magnetic scaler Potential

Vi = —I H.di|— Magnetic scalar potential
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L Electromagnetic Field Theory
e B=VxA ( A = Magnetic Vector Potential )

~ kd
C A

< Jd
c Al

o $Adi=[[(VxA)ds = [[B.ds =y, = Magenticflux
. V(V-A)-V2A=u
@) InstaticsVeA=0]  ~V2ZA=—pJ

: e &%A
(b) Intime varying (V(V-A)) = us?

0a0o
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