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AMPLITUDE
MODULATION

1.1. Introduction

Band limiting : Bandun limited to bandlimited (LPF)
Base band signal : Message signals, low cut off fre = 0 Hz or very close to 0 Hz.

Bandpass signal : By shifting baseband signal to very high freqg.

e  Wideband signal : ];—H >>>1 (Base band signal)
L

e Narrowband signal : ];—H ~1 (Bandpass signal)
L

C(t) = A cos(m.t + ) = A, cosm,t
Carrier signal
(carrier before modulation)
S(t) = A(t)cos[wt +¢(t)] Modulated signal

Instantaneous phase
Instantaneous Instantaneous P

amplitude frequency

DSB-FC (Double side band full carrier)

C(t) = A. cos .t carrier before modulation

Sam () = A, cosmt + m(t) cosm.t = Sap (1) =[A. + m(t)]cosw,t carrier after modulation

Modulation Index p= m®] max

(1) p<1 (under modulation)

u:%<l
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° Communication Systems

_ [E (t)]max — [E (t)]min
[E (t)]max + [E (t)]min

Sau(®)

LEM®) = (A +m(1)

AC C m
I L R O Envelop detector
AC + Am g AC
| U,_u__.u.-U.,_‘) \/
“Acf rd A=A\
. L\ >/

u>1 A(t) >0, E(t) = A(t)

Recovery through E, D possible.

SOmax = E(1) lmax = Ac 1+ 1)

S®Omin = E®) Imin= A @—p)
(2) Critical Modulation:- =1, A(t) >0, E(t) = A(t), m(t) can be recovered with envelope detector .
(3) Over modulation: p>1, A(t) ¥ 0,E(t) = A(t) |, not possible by E.D

— BW=/

— frax = Jin
(2) CM) = frax = Ty
/>2 times of freq. of m(t)

1) m—

) S(O)—— BW =21, forn =i+ fa

.fmin :‘]::_./1‘11
> Pav=Fc+Psp
P
Rise =Pisg = Tm
Psg _ P,/2

Pav - p, P

Share of sideband power in total power
»  ka [Amplitude sensitivity of amplitude modulator]

1
K, :K (per volt),

At) = A[l+kam(D)]
A (t) >0, E. D. Applicable

GATE WALLAH ELECTRONICS & COMMUNICATION HANDBOOK



Communication Systems

— (A4 +m(t)|cos2nft > pu= %
DSB - FC — )

—> A[l+k,m(t)]cos2nft >u=k, |mt)|

max

2
frax = fm, BW =0Hz,B,, = A“T — for message signal

s

Sam (1) =[A. + A, cos 2xf, t]cos2nf t

= A [1+ pcos 2nf, t]cos 2nf t

S pog (1) = A, C08 27 t+ %cos[zn( for b+ %cos[Zn( f - )]
A \ \
carrier usB LSB
S
r
4 4
A D A D
-t w, T T
4 4
7(f;‘+-flfi) _/C _(f;‘+j1ﬂ) f;‘—-fifl ]'F f;‘+j!l‘ﬂ i
Po_ Al 1 W
P P+-M="C|1+" =P+ >P
AM =T T = { 5 [ SB
PC
PCHZ
—— 2
n= 2P 5 :,»%n—zil 5 x100%
P + C“ M
c
2
»  Ifkagiven — pu=Kk, |M(t) |nax
m(t
I1‘kanotgiven—>u:I (©) e
A
Important Points:
p=0 p=1 % Change
Pw =P P =1.5P. 50 %
1
n=0 n=§=33.33% 0% to 33.33 %
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o Communication Systems

@ plont
(3) Pay —> Will be constant if P, Tandu{

If m(t) is multiple single tone signal-

S(t)=A 1+hc052nf t+ﬁC052nf t |cos 2nft
Ab m Ab my c

A Ay
M=—7"H=—— M >H

A A

M) = fry» Ty = free = i,
fmz>frTh BW=fmZ—fml
S(t) = f. BW =2 x Max. Freq. component of m (t)

fr + jm USBI

f; i f’”l <
f.-/, LSB,

fc + jrnJ USBZ

o <
fc _\/m: LSBz

2 2
m- 2 2

Pn A2, 1 1
Py =P +-M="t 145 22
AM = Te T 2[ 2 2

P uz P uz
Ruse, = ALse, :ch, Russ, =Pise, = CTZ

P2 ¥
Ruse, = ALse, Zch, Russ, =Pise, = CTZ

2
_ P py
Paw 243

2,2, 2
Hr =Hg THp tH3 +————

GATE WALLAH ELECTRONICS & COMMUNICATION HANDBOOK
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Communication Systems

Important Points:

m(t) (volt) Pam Prod

2 2

; ; Q R u

1 S dal Pll1+— —= 1+
Q) inusoida C[ ZJ R[ 2}
2 Pc 2
(2 Square wave P@+u) E(l-f-},t )
2 2

: u Rl m

3 T | P.l1+— =11+
3 riangular wave C( 3 ] R ( 3 ]

2 2
Vam =Ve 1+“7, Iam =1c 1+“? for sinusoidal

(1) Square law Modulator:

Having heighest power = 2

x (1) z(1)
m(()—(+) > SLD > BPF (——
\T/ () I Z())=H(HY ()
C(1)=A cos2nf 1 H(f)

2
@) (2) ©) (4) ©) (6)

2 2
y(t) =agm(t) + ap A, cos2nft + alm2 (t)+ ol + % cos4nf.t +2m(t) A, cos2nf.t

» Only (2) and (6) are desirable

Z(t) =agA, cos2nft {1+ %m(t)} DSB —FC

Z(t) = A[1+k,m(t)]cos2nf tonly when f, >>>3f, f, >>>(2+1)f,,
. 2
A =agA, kg =—, n=Kq [M() [rmax
Ch
(2) Switching Modulator:
Z(t)= i{u 4 m@)cos 2nfct} DSB - FC
2 A,
Z(t) = A/ [1+kym(t)]cos2nf .t

A4 _
A:_Z’ka_nAC n=Ka [M() |max

GATE WALLAH ELECTRONICS & COMMUNICATION HANDBOOK 8.5



° Communication Systems

(1) Square law demodulator-
2 2
Y (t) = A A, cos2nf it + % + %cos 4nf .t
Y (t) = By + B, cos gt + B, cos 2mqt

Bj_u

> 2" harmonic distortion D, = A

(D) max %0 = 25%

»  Practically not used

» (Ej _2
| Jmin 1

JA? + B? cosagt —[E.D] > A? + B

(1) X(t)= Acoswt + Bsinwgt — E(t) = /A2 + B2

2) x(t) = Acos(agt +6) + Bsin gt — E(t) = VA2 + B2 =2ABsin@
3) x(t)= A(t)cosagt — E(t) = A)|
(4) x(t)=(A;+m(t))cosost — E(t) = A +m(t)|

Important Points:

» Usedonly when p<1

> T.=RsC <<,fi (charging time constant)
C

> T.=RsC>>> fi — Peaks are not detected.
c

» Diagonal clipping — RLC:fi

m

2

1—
> To avoid diagonal clipping R,C <<<—,R,C < V2=H
fm OmM

> T,=R C-—1 fluctuation is output
c

> Toremove fluctuation R C >>> fi
c

> Proper choice of discharging time constant R C -

GATE WALLAH ELECTRONICS & COMMUNICATION HANDBOOK
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No fluctuation mm No diagonal clipping

(7) m(t): Multitone f,, > fax =Max. freq. component of m(t)

1.2. Synchronous Detector

Ao Ao Ao Recovery
=0 #0 i(2n+1)g v

=0 #0 =(2n+1)g Q.N.E
#0 = = X
=0 =0 =0 v

Spse-sc (1) =m(t) Ay(cos2nfst)  E() = A(t) |5 Am(t)|
»  BW =2xmax. freq. component of m(t)

Pg PP
> PDSB=PmPc=PSB—>HJSB=PLSB=%+—mZC

P uz
Poss =—C2 =P

»  Single tone modulation.

S(t) =%cos[2n( L+ )]+ 220 cospom(f, — )]

2
2 72
Posg = FnFt :_chm
2 2 2
Multiline Pogg = P,P, z%{%+%l

2
Square wave - Pygg = P.Ry, :(7],6,%

AL
Triangular wave Posg =P.B, = 3 a

2\ A
Saw-toothed wave- Phgg = P.R, = 7 m

(1) Balanced Modulator- Spgg (t) =2A.k,m(t)cos ft

(2) Ring Modulator- y(t) «c m(t) cos w.t

GATE WALLAH ELECTRONICS & COMMUNICATION HANDBOOK




° Communication Systems ®

Aw=0,Ap=0, y(t)=0 QNE

Aw=0,Ad=0, y(t)= % m(t) cos (Amt) —>distorted m (t)

Aw=0, Ap=0, y(t)= % m(t) — Attenuated

()=,

10

m()y—— HT. —m, (1)

mh(t):m(t)*lt

—j >0
H(w)=—]jsgn(®) =<0 o=0

j o<0

> Mp(f)=M(f)[-jsgn(f)]

> HT[coso(t)]=sinot)—"——coso(t)

» Non causal LTI system.

> X() < Tsx (t)

X (1) < —X(1)

»  Magnitude spectrum of x(t) and x;, (t) will be same

> If x(t): Band limited then x (t) is also bandlimited.

> If x(t) is non periodic then x;, (t) is also non periodic

»  X(t) and X (t) are orthogonal signal.

» 2 sideband Txed.

» If receiver is designed in such a way that it may recover the complete message signal from single SB then DSB-SC

S/S becomes impractical.

(1) Point to point communication

— Phase derserimination
(2) Two methods of generation —

— Frequency discrimination

GATE WALLAH ELECTRONICS & COMMUNICATION HANDBOOK 8.8



(@) Phase Discrimination:

Communication Systems

m(t m,(t) . +=LSB
S(t)ssp = A o 2nf t + A O g, onft T
2 2 -=USB
5,(1)
m(r) A cos 2nf 1
_— 2
—90"phase _)—» Son (1)
ond shifter
90" [HT] y +LSB
phase =sin 2nif f _USB
shifter 2
m, (1) S, (1)
(1) Identify the phase descrimination setup ~ ,, _ m(t) S (1)
~ DSB
(2) Phase descrimination setup
(3) Phase descrimination setup:
C@)
+=Spgg (t) > LSB
—= Spge(t) >USB
Spectral gap in D.S.B BPF Signal
0 Hz Ideal SSB-SC
0 Hz Practical VSB-SC
# 0Hz Ideal SSB -SC
Vg —SC
! depends.on 8
# OHz Practical : <:
practical BPF SSB_SC

» SSB- SC can be demodulated by Synchronous detection.

(1) A®=0, Ap=0,m(t) recovery not possible —freq. synchronization

(2) Ao#0 Ap=0,m(t) recovery not possible —Phase synchronization

(3) Perfect syne, Adp=0,Aw=0can be recovered

@) AoazO,Ad):g —> NoQNE

Note:

(1) When video signal is transmitted through SSB- SC modular VSB- SC is generated.

(2) Synchronous detector can not recover m(t) video signal from the above generated VSB- SC.

GATE WALLAH ELECTRONICS & COMMUNICATION HANDBOOK
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° Communication Systems

(1) % power saved in DSB- SC as compare to DSB-FC.

% Payed = Raved 10096

otal
R _ =2+2 S =(-n)
Pc[1+“ } H

% Psaved =

(2) % power saved in SSB- SC as compare to DSB-FC-

4+ }12

% P, =
saved A+ ZMZ

(3) % power saved in SSB-SC as compared to DSB-SC.

% I:)saved =50%

Modulation B.W Power Application
@ DSB-FC 2 frnax Ps + Psg Broadcatting
(2) DSB- SC 2 fmax I:’SB X
P Point to point voice
3 ) f P p
®) SSB-SC max B communication
P Point to point video
4 ] f f<2f S8 point
) VSB-5C max < T < Tmax 5 Riss < Fse communication.

(1) Pre Envelope calculated for both baseband and bandpass signal.

Let X(t) is real signal.
X, (t) =Pre envelope of Xx(t)
X, (1) =x(t)+ jX(t)
X(t) =HT [x(t)]
x+(f):x(f)[1+sgn(f)]
Complex Envelope: For bandpass only but result in low pass only

X (t) — Bandpass signal.
Step-1. Calculate X, (t) =x(t)+ jX(t)

X, (1) = x, ()e” 1!
Xc(f) =X, (f +f)

Step 2. left shift of pre envelope by f,

000

GATE WALLAH ELECTRONICS & COMMUNICATION HANDBOOK 8.10



ANGLE
MODULATION

2.1. Introduction

Signal = x(t) [X (£)|max
(1) Acos wgt + B cos mpt |A+B|
) Asin gt + Bsinmgt |A+B|
(3) Asin opt + Bcosmgt A2, B2
4) Acos oyt + Bcosm,t |A+B]|
(5) Asin oyt + Bsin w,t |A+B|
(6) Acos oyt + Bsin w,t — |A+B|if A=B
_—><|A+ B|if A= B

2.1.1. Instantaneous Angle and Instantaneous frequency-
S(t) = A, cos[; ()]

6; (t) — Instantaneous angle (rad)

i(t
46:®) ?jlt( )_ oj (t) = instantaneous angular frequency.
£ () = 1 de;(t) or f (t):ﬁ)i (t)

2n dt 27
t
0:(t)= [ oi(t)

¢ Angle Modulation :
»  Frequency Modulation

> Phase Modulation

e Frequency Modulation :
Sangle (t) = A cos[oxt +Ad(t)]

GATE WALLAH ELECTRONICS & COMMUNICATION HANDBOOK
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A
If angle Modulation is FM, % ocm(t)

dAd(t)
dt

° Communication Systems

ot)=o, +Kimt) = ojt)=w+ Aoi(t)

t
0;(t)=0; + [ K¢m(t)d

—0

Ao = 440

frequency
deviation

A(t) = K m(t)

=K¢m(t), K; = frequency sensitivity of frequency modulator

For Important Results

rad
For K : V —sec

. Hz

K :——
Volt

1. Instantaneous frequency

o) = ot + K m()

fi(t) = fc + K¢m(t)

2. Instantaneous frequency deviation

Aa(t) = K, m(t)

Af (t) = K¢m(t) Hz

3. Frequency deviation in +ve direction

[A() ] = Kt [M()]max

[AF e = K [M(0) ]

4. Frequency deviation in —ve direction

[A0(®)]min = K MO i

[AF i = K [M(O)]in

5. Maximum value of instantaneous frequency

[ (O max = @¢ +[AD(O)]max

[fi (t)]max = fc +[Af (t)]max

6. Minimum value of instantaneous frequency

[@i ()] min = @ +[Aa(t)]min

[fi (t)]min = fc +[Af (t)]min

7. Peak to peak frequency deviation

[Aw] ;- =[] max — [ Ol min

[Af Tp—p =0 F (O mex —[f O in

8. Maximum frequency deviation

9. Modulation index or deviation ratio of FM

Ao, = K [MOTnex

AF @), = K MO

g __ Maximum frequency deviation _Ky M), 1 _Ky M), o
FM ™ Maximum frequency component of m(t) M Omax FM frnax
Important Phase Calculation K e i
porta ase Calculatio f V-sec f - Volt

1. Instantaneous phase deviation in FM

t
Ad(t) =Ky | m(r)dz

t
Ad(t) =2nK ¢ [ m(x)dz

2. Maximum phase deviation in FM

t

j m(z)dt

—00

|AD(U)] o = K1

t

J. m(t)dt

—o0

2TCKf

max

GATE WALLAH ELECTRONICS & COMMUNICATION HANDBOOK
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_ rad
" V/-sec

t
Sang|e(t)=,%cos{coct+ | Kfm(r)dt}

Hz
For Ky : _Volt

t
Sey :Acos{cocHZan j m(r)dr}

For m(t) = A,cos2nf t —
Frex = T [MOT e =+A5 MO iy =—Ays [MO)] ., = A
Sew (t) = A cos[o, (t) +Bg, sin (2xf 1)
For m(t) = A, cos2nf  t+A, cos2nf t —
Foax = (Fis T, D

Sea (t) = A COS| @, (t) + By sin 2nf, t + B, sin 2nf, 1 |

o KiAy o KA,

f P
A(t) oc m(t)

Ad(t) = K m(t)

rid tht

Kp - Phase sensitivity of phase modulator

_rad
" Volt

K, :rad/\Volt
0,(t) = ot +K m(t)
1. Instantaneous phase deviation =A(t) = K m(t)

2. Maximum phase deviation =|Ad(t)| =K, |m(t)|

GATE WALLAH ELECTRONICS & COMMUNICATION HANDBOOK 8.13



o (t) = o, + Aot

>

A\

_ g dm@®
Ao(t) =K, o

dm(t)

Ao(t =K

p

max

dm(t)

|A(D(t)|min = KP dt

min

|Aw (1)] = o, +[An(t)]

max

A0y )], = o, +[A(D)]

min

80,5 =[O ~ [, O,

dm(t)

|A(D(t)|max =K p dt

max

dm(®)
dt

Ao, "

Communication Systems

max

™M

® ®

max max

Sem(®)=A COS[COc (1) +Key (t)]

When m(t) = A, cos2nf t

Im@®)| = Ay frax = fy A0(t) =K A @, Sine, t

[A(t)] = K Ay,

{('O(t)}min = _KpAn(Dm

[O)I (t)]max = wc + KpAnO)m’ [(Di

(A0), , =2K Ao,
|Aoa(t)|max =K A0,

B=K,A, =[Ad1)]

(t)]min =0 — KpAn(Dm

Sen (t) = A cos[ e, (t) +Bpy cos 2nf, t]

Spy () = A cos [(DC (t) +B, cos 2xf  t +3, cos 2nfm2t]

GATE WALLAH ELECTRONICS & COMMUNICATION HANDBOOK
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Narrow Band (B <<<1)

Wide Band
S (0= A cos2a, (O+ 5 A*B cos[2n(f. + )] —%cos [2r(f. - )]
Carrler UéB LiSB
SFM (t) = SNBFM (t)
> BW =2f

2
> Pgy =P (1+%] B<<<lp<<<1

Pueew =~ e =

A
2

S, (t) = A cos 27, (t) + 22 A*“ cos[2r(f, + f.)t]+ ’*“cos[zn(fc Y

S, (1) = A CO 27, (£) 2D ’*B cos[2ne( . + fm)t]—%cos[Zn( f—f)1]

1.
Frequency Component Strength AM Strength NBFM
f A A

2 2

fo+ 1o PA PA
4 4

fc - fm ﬁ __B'At
4 4

2. Speey () +S,, (t) =SSB-SC — USB-FC
S () —Spgey (t) =SSB-SC — LSB-FC

3. LSBinNBFM is 180° inverted w.r.t to LSB in AM
> Sa®=AY 3, (B)cos[2n(f, +nf, )]

For aby value of 3

> J,B)=D"3,0)

GATE WALLAH ELECTRONICS & COMMUNICATION HANDBOOK
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SDXICE!
> J,(B)=0,8=24,5586,118
> asn T,—)Jn(B)i

B<<<1:S(t) — 1Carrier+2SB NB Angle Modulation
If B>>>1:S(t):1 Carrier + Infinite SB Wide Band Angle Modulation
Ideal BW of WBFM =

BW=(B+1)2f_ B, for PM

Bey for FM

> Power of Carrier before modulation =

|\>|<;(>M

=%
> Power of Carrier after modulation P =P, [J(fB +2(JB)+I2(B) +.. }

> Power of Carrier component in modulated signal = P.JZ(B)

Pe =2R[J/(®)+ () +.. ]

PSB
Proa = P J5(B)+2(3/B) + I;(B)+..) ]

If J,(B) =0 then n=100%

A\ 4

> n=

c

> For Infinite sidebands Rz =P,

Sew = A i C.|cos[2n(f,+nf )t+£C,]

N=—o0

m(t) BW
Singletone sinusoidal ——> (B+1)2f
Non sinusoidal —— (B+D2f,, f_ = fundamental frequency

periodic signal

Other Cases — (B+D2f

BW=(1+B)2f  or 2(Af +f_)

GATE WALLAH ELECTRONICS & COMMUNICATION HANDBOOK 8.16
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Mixture/Multiplier Input Mixture Output (Multiplied by n) Multiplier Output

A A A
f. |fo—f | orfo+f = f. nf,
p p np
fm fm fm
Af Af nAf

BW BW (B+1)2f,
Spactral spacing fm fm

Frequency components fc" fcl +f fc‘ +2f nfnf £ f nf +2f

PM [m(t)] = FM M} If K, =K, =K

FM [m(t)] = PM j m(t)dr}

m(l) R i ‘ rd y -
g dt - Modualtor F D pas
Phase Modualtor
m(i) ’
» dt _ PM _ .
i J: " Modualtor ” S (1)

Frequency Modualtor

1. Armstrong Method (Indirect Method)
2. Direct Method

e VCO (Voltage Controlled Oscillator is used). It is modified version of Hartley oscillator
Ao AC

o, 2C,

GATE WALLAH ELECTRONICS & COMMUNICATION HANDBOOK

8.17
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1. Theoretical method
2. Practical method. PLL (Phase Locked Loop)

» (1)

Sem (1 Phase N Loop
K detector Filter
A
< VCO
Sy (t)
K,

Kf
@ v{O) = —m(®)

V
(2) Lock mode — Frequency lock

Capture mode — Phase lock

3 LR>CR

fL = Local oscillator frequency
f; = Desired frequency
fy, = Frequency of image station
Case 1 : If relation between f, and f, is not mentioned.
Assume : f, > f
1. fi=f+IF
2. fy="f+IF
3. fy=~f+2IF
Case 2 : When relation between f. and f, is given
If fg < <f If fo < f, <fg then Casel
then 1. f.=f+IF
2. fi=f,+IF
3. f,=1f+2IF

IRR = \[1+ P%Q?

Q : Quality factor of Oscillator

fo—f2
P=—— f.>f PQ>>1
fSifs
IRR = PQ

0oa

GATE WALLAH ELECTRONICS & COMMUNICATION HANDBOOK
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RANDOM VARIABLE AND
RANDOM PROCESS

3.1. Introduction

R.V. is a function performing mapping from sample space of R.E. to real line.
e X (A):Random variable

e Domain of R.V. —A (Sample point)

e Range of R.V. —Subset of real line

e One to one or many to one mapping

P{X <a} —Probability of set in which all the comes satisfy x(A)<a.

Let random variable X, x —Values taken by R.V.
(1) Fx(X)=P{X<x}=1-P{X>x}
(2) Fx(@=P{X<a}=1-P{X>a}

3) Rx (N =P{X[<y}=P{-y<X<y}

Properties
1) Fx(o)=1
(2) Fx(=0)=0
) Fx (o) +Fx(—=0)=1
4) Fx(X)=P{X<x}=0<F(x)<1
(a) CDF always non negative.

(b) Lower bound: Fy (X)=0, upper Bound = 1
(5) CDF is monotonically non decreasing function of x[% > Oj
X

(6) Graph of CDF is always amplitudes continuous from right.
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(1) Pla<x<b}=F,(b")-Fy(@")
(2) Plas<X<b}=F¢ (") -F¢ (@)
() Pla<X<b}=Fx(b")-Fx(@")

(4) P{as<X<b}=Fc(b)-Fx(@a)

P(x=a)
|
CDFiscontinuousatx=a CDFiscontinuousat X =a
P{x=a}=F(a")-Fx(a’) P{x=a}=F,(a") - fy(a)
P{x=a}=0 #0

P{x = a} = Size of Jump

Random variable X
x —Variable taken by R.V.
fy (X) > Symbol
dFy (X)
x (X) ix

fx ()= [ fx (dX

—0

fx (9= [ fx@)d

—00

Properties :
(1) fyx (x)=0—Non negative

2) 0 < f, (x) <o —» Upper bound
Lower bound
@) Fx(o)= T fx () dx=1
(4) Graph of PDF can be even or NENO but cannot be odd.

(5) P{oo<X<x}= f fy (M) d
b+
(6) P{a<X <b}= j fy () dx

a
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b+
(7) Pla<X<b}= [ fy (x)dx

a

.
(8) P{a<X <b}= j fy (X)dx

a

P(x=a)
| 1
Graph having impulse at X =a No impulse
P{x=0}=Fy(a')-Fx(a) x=a
a P{x =a}= | f,(x)dx
P{x =a}= [ f,(x)dx =2} I v
a P{x=a}=0
= Total area { }

(1) PDF should have impulses only.
(2) CDF should have staircase only.
(1) Probability mass function of DRV : Let X is D.R.V.
Px (x) =P(X =X) probability such that X = x
> 0<Py(x)=1
> %PX (x)=1
(2) PDFofaD.R.V: Let X is O.R.V.
Fx () =ZB ()8 (x=%) =ZP(x=%)3(x - )

(3) CDFofaD.R.V.:LetXisD.R.V.
X
Fx (09 = [ fx ()dx

Fy () =ZP{X =x}u{x—x}

(4) P{X =a} may or may not be zero.

Maps sample point to continuous range of values on real axis.
(1) PDF of C.R.V should not contain impulses at all.
(2) CDFofC.R.V
»  Should not contain jump type discontinuity
» It should be amplitude continuous every where
(3) PMF not defined for C.R.V because for CRV P{X =a}will always be zero.
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P(ANB)

P(A/B) = 5(E)

P(AnB)=P(B)P(A/B) = P(A)P(%) _ Joint probability.

Expectation operator : Performs operations on R.V. only.

E[C]=C, E[C?]=C? E(X)={ %

EP{X =x} X:DRV
[

E[aX]=aE[X]
E[aX +b]=aE[X]+E[b]
Efag (X)+bH(y)) =aE[g(x)]+bE[H(y)]

E[XZ]:szfx(x)dx

E[900]= | 9(x) fix (X)dlx

CRV X is having Gaussian or random distribution.
X is having Gaussian PDF, X is called G.R.V.

E[X]=py, E[(X —py)?]=Variance =c%

. (1)’
2
X ~N{py, 0%} fx(X)=———e 2% —00< X <60
2noy
Key Point :
- ~(x-ux)?
2
(1) e 29X dx=1
_'[0«,2750%(
- ~(x-p1x)°
263
@ e 2% dx=py =E[X]
_'[o«IZTcG?(
~(x-nx)?

_(X Hx ) dx =

1
J. «oncx 2Gx I «[2716%(

®3)

e 2% dx=1
2

Communication Systems

— Conditional probability of A given B.

j xfy (X)dx X :CRV
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X—N(uy 0%) = X ~N[0,6% 1= E[X]=0

—X

Jx ()

Zero Mean, unit variance :
1 Tl
X ~N(0.1 f,(X)=— 2 , 2 X==
O 0= £
Q- function :
Q(x) =%Ie‘22’2dz as x 1,Q(x) 4
Q(0) =0, Q(—0) =1 Q(0)=0.5, Q(x) +Q(-x) =1

P[X >Z]=Q(P)=Q{ﬂ}
Ox

f (2)=P(X <2)=1-P(X >z):1_Q|:Z—HX }
Ox

n'™ order moment about origin-

jx fy ()dx X :CRV
E[(X —0)"]=E[X"]={ %

Tx'P{X=x} X:DRV
I

1%t order moment about origin

E[X]= T xfy (x)dx=%xi P{X =x}

—o0

E[X]= X =uy =m; — dc value, avg. value Mean value

[E[X])? — d.c.power
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2" order moment about origin-

” . |
E[(X —0)*]=E[X?]=X? __[OX «(X)  X:CRV

IxP{X=x} X:DRV

E[X ?]=Mean square value of R.V. X = Total power of R.V. x

1% order moment about mean - E[(X —py )]=0

2" order moment about mean —E[(X —pux )]= E[XZ]—L&

ok =E[X?]-u}

v v v
AC. Total dc
Power Power Power

Important point:

(1) o% 20 E[X*]>pk
(2) If Xiszero mean R.V.

E[X?]=0%, MSV(X)=Var(X)
(3) Standard deviation

JVariance = 0% =+oy

@) Y=aX+b

E[Y2]=a%E[X?]+b? +2abE[X]

5% = a%c}
(1) Uniform distribution X ~U [a,b]
! a<X<b
fx (X)=1(b—-2a)
0 otherwise
£y (X)
1 A
(b—a)
a b
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2 K2 2
E[X]:a+b, E[Xg]:a +b +ab1 C5§<:(b a)
2 3 12
(2) Triangular distribution
X ~tri (a,m,b)
E[X]=a+m+b
3
4 /i (x)
2 |\
(b—a) f
a ,;1 >
(3) Rayleigh Distribution
X —>CRV
2
fy (X)={ 2 X x>0
0 else
-
jize%% dx =1
0 OX

If X and Y are two G.R.V. Then Z = X?+Y? will have reyleigh distribution.
(4) Exponential Distribution : If CRV has exponential distribution then it will have PDF

—AX > 0
fx (X)= {keo 3 ‘8 j re Mdx =1
X>
0

Laplacian Distribution
X —>CRV

fy (X) =ae X

—00< X <0

If 2—tflzl, a>0b>0
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bx

bx
ae x<0
fx(X)={ .
ae x>0

Binomial distribution necessary condition:-
(1) The no of trials n showed be finite.
(2) Trials are independent
(3) Each trials should result in 2 outcomes success or failure.

(4) Prob of success in each trial should be constant.

PMF: P{X =r success}=n; p,q""
E[X]=2xp{X =x}=n, o% =npq
1

E[X?]=npq+(np)?
Std deviation oy =iafnpq

Specific type of binomial distribution where n— o

n —very large, p —very small, np — finite A =np

Ae—2
r!

X =r}= probability of X =r (success)

E[X]=A, 0% =A

Monotonic Transformation

' !

Linear Non-Linear
If Y =g (X) is having monotonic Ty .
Given X —2F fx (%),
dx .
fy[yl= { fy [x] d—y‘}functlon ofy

X:CDF  f,(x)
Y=aX+b <
X:PDF f,(x)
(1) casea>0

a

Ri=R( 22 =2 1 22

(2 Y=-aX+b a>0
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R (y) =1 Fx(y bj fY(y)——fx[y b)

a

y=aX+b

X ~U[m,my] —Y ~U[am +b,am, +b]

X ~A[my,my,mg] - Y ~ A[amy +b,am, +b,am; +b]
X ~N[uy,0%1->Y ~ N[uy,05]

Y ~ N[auy +b,a%c% ]

X = fy (x)

Y 5> X3 f,(y)=?

dx
dy

1/3)

fy (¥) ={fx ()

fY (y) y2/3 fX (y

Y=y,g(X)=y,X=g"(y)
—)Xl
—)Xz
—>X3

+____

f(y)=f, (xl)“j'j—xyl

dx
#1062

— Fy y (x,y) = Joint CDF
(X,Y)—>2DR.V.{— fy y (x,y) = JointPDF
— Pyy (X, ;) =Joint PMF

If A and B are independent

p(gj _P(A), p(%j ~P(B), P(AnB)=P(A)P(B)
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Marginal CDF of ¥

) =Fx@ry [ 2] -1 Oty [iJ

x y
X Y
/ \ |—> Conditional CDF

Marginal of X given ¥
CDF of X Conditional
CDF of Y given
X

Fxy (%, y) = fx () fy (¥)

> v (X y)=fx (%) fi (¥j =) fl (§j

X Y
If X and Y are independent R.V.

fxy (%) = fx () fy (¥)

> Pxy (%, Yj)=Px (x)Py (%J= R (Yj)Px[ﬁ_J
x \ % v \Yi

If X and Y are independent R.V.

Py (6, Yj) =Px (5)R (¥})

Joint CDF = Let (X,Y)are BIVARIATE R.V.

Fay (G Y)=P{X <X)N (Y <y)=P{X <xY <y}

Properties:
(1) 0<Fyy(xy)<l
2) Fxy(0,y) =P{(X <o) (Y <y)}=0
(3) Fxy (x,—0)=0
(4)  Fxy (-0,—0) =0
(5) Fxy(o0)=1
(6) Fxy (¢, y1) =P{(X <x) N (Y <y1)}
(M) Py <X<x)n(y <Y <y,)}

=Fyy 04 Y1)+ Py (5, ¥2) —Fxy 047, ¥2) —Fxy (52, Y1)

®) Fxy (x.Y)=Fx (X)Fy Gj =Ry (¥)Fx G]
Y

X

(9) XandY are independent R.V.
Fxy (X Y) =Fx ()R (y)
(10) Fx (X,y)=Fxy (X,), K (y)=Fxy(®,Y)
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. [1]=P[(xsx)m<vsy)]
*y) PIX <o) (Y <y)]

0% Fyy (X, Y)

T (V) =25

Xy
I:XY (X! y)= I J. fxy (U,V)dUdV

—00—00

For ()= [ Ty (x, y)dxdy =1

—00 —00

(D) T 00= [ fxy Yy, fly)= [ fy (x, y)x
If X and Y are independent fyy (X,¥) = fy (X) fy (y)

fyy (6 y) = fx () fy (%)z frfx (gj

X Y

Xy

fyy (X, y)dxdy
fyev (X, y):—.[o—Jc:o XY

fxy (X, ¥) =
fy (y) T
[ fxv ()
Given Joint PDF
R2
Region in which PDF if
defined
define [(x; <X <x)n () <Y <y,)]
fxy(x,y)—{ peaERA SR
0 clse

P{la< X <b)n(c<y<d)}="?

Ry :Region in which probability has to be calculated.
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P(X,Y eRy) = fxy (x,y)dxdy (R=R; NR,)
R
(1) XandY not independent R.V.

P(X,YeR)=] [ fxy () fy (Y)dxdy R=(RiNR,)
Rr

(Central Limit Theorem)
If Xand Y are D.R.V

%%PXY(Xian):l

Py (%, Y;) =P{(X =x) (Y =y;)}
Joint PMF

Py (Xi):zj:PXY()(i’yj)

PY(yj)zzi:PXY(Xiiyj)

X, Y aretwo I.LR.V
min(X,Y)>Z=(X>Z)Nn(Y >Z)

P[min(X,Y)>Z]=P[X > Z]P[Y >Z] = [ [ fxy (x, y)dxdy
R

P[min(X,Y) <Z]=1—P[min(X,Y) > Z]

Pmin(X,Y) > Z]= [ | fx () fy (y)dxdy
R R

Let Z=Max (X,Y) >RV.
CDFofz  F;(2)=Fx(2)-K(2)
PDF of Z f,(Z2)=F(2) Ty (2)+ R (Z) Ty (2)
Let Z=min[X,Y]>R.V.
CDFof Z F(Z)=fx(Z)+0y(Z2)+ fy (Z)Fx (Z2)
PDF of Z f2(2)=tx (2)+ & (2)-F (D)} (2) - K (2) T (2)

1) (k,r)th order joint moment about origin E[X"Yr] (1,1) order joint moment about origin.

E[X!,YY]=E[XY]=Ryy, —>Cross correlation between R.V. X and V.
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» E[XY]=Ryy =0—>R.V. X and Y are orthogonal.
2 (K, r)th order joint moment about mean-

EL(X =X)“(Y -Y)']

(1,1)* order joint Moment about mean-

E[(X = X)(Y =Y)]=E[XY]- XY =cov(X,Y)

coV(X,Y) =0y =E[XY]-E[X]ELY]=Ryy —ty by

When 2 R.V. X and Y are uncorrelated-
cov(X,Y)=0, E[X,Y]=E[X]E[Y]

>  E[XXY"1=E[XX]E[Y"]=X,Y are independent.

» If 2R.V. are independent then they has to be uncorrelated but converse is not necessarily true.

W =aX +bY

(1) EMW]=aE[X]+bE[Y]
(2) EMW?]=a?E[X?]+b2E[Y?]+2ab Ryy
(3) oa =a’c% +b%c +2abcov(X,Y)
One function of Three R.V. W =aX; +bX, +¢X;

(1) EW]=apy, +buy, +auy,

(2) EW2]=a%X,? +bX2 +c?X 2 +2abX; X, +2bcX, X5 +2caX; X5

(3) oy =a’ck, +b%c%, +cPok, +2abcov(Xy, Xp)+20ccov(X ,, X5) +2cacov(Xy, Xs)

Var (X +Y)=Var (X-Y)

Only when X, Y are — uncorrelated and independent

p(X,Y): Oxy _ COV(X,Y)
oxoy (Std.dev.of X)x(std.dev.of Y)

> —1<p<1

> p(X,X)=1 p(X,~X)=-1

> X, Y are independent p(X,Y)=0
Let X, Y are two R.V.
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y
a(y) f% (;jdy
gl 9X

)| T X
Y23 Tooone [

Theorem -1
If Xy, X5, X3 ——— X are statistically independent random variables.
Let Z=X;+ X, ———=X,
T 1 1
@ fx, (@ fx, @
f2(2) = fx, (2)* fx, (2) ——=—" fx.(2)

When and only when all the R.V. are statistically independent.

» R.V. are linearly combined.

Theorem-2
X1, X9, X3 ——— X, are statically independent non Gaussian R.V.
Z = X1+ X2 + X3 ————Xn
() = fx, (@ * fx, () ————*fx_(2)

If n—oo f;(z) =Gaussian irrespective of nature of (X;)iL;

Theorem-3

X1, X5, X3 ——— X, are statistically independent G.R.V.
Z=X{+Xy———+X,
f2(D) =Ty, (D) + Tx, (D) +———=1x,(2)

n — Finite| infinite, —» Z: GRV

Case 1: Xq,X,————Xare statistically independent G.R.V.

P[X;+ X5+ X3 >a]= P(Z¢> a) :T f;(z)dz=1- jl f; (z)dz

a —00

Non GRV

Where Z = X;+ X, + X3
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f2(2) = T, (2)x fx, () x Tx,(2)

Case2: If Xl, Xz, X3 are statistically independent G.R.V.

P(Xy+ X, + X >2) = P[Z >a]=Q{a_HZ}
(e

Z:X1+X2+X3

_ 2_ 2 2 2
“2 _l’l'Xl +“X2 +“’X37 cSZ _le +GX2 +GX3

Note: If Xq, Xy, X3 ———=X, are I.I.D. random variables
P (one of them is largest) = 1
n

P (one of them is smallest) = 4
n

X, 1) ={X (A, 1), X(R;, 1)} —> Collection of sample functior

of
l Euemble of sample function

Random process or Random signal
or stochastic signal

X (A,t) — sample value, values taken by R.V. When R.P. is observed at t=1

C.T.R.P — It maps the sample points onto continuous time sample function, collection of continuous time sample function.
X (t) = Acos (ot + ¢) —=2—> X (t;) = Acos (wgty + )
CT.RP R.V. D.R.V.
t — Continuous time, A — Constant, ®y — constant
¢ ~U[-m, ] > CRV
Any typical R.P can be understood as X(t) = f (t,)
(Function of time and R.V.) x(n) = f(n,¢)

X (t) X X (t,)— CRV

Case l:

0

E[X(to)] = [ X T gy (X)X

EDC(to)]= | %* fx ) (X)X, X () = EIX*(t0)] - 9E(X (to))*]
casen: XO t:>t< X (t,) — DRV
CTRP 0
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E[X(to)]= ZxiPx (o) (%) = X P{X(to) =x)
EDX ()] = ZX7 P ) (%) =2 P{X (tg) =)

oK (o) = EIX* (to)] - (E[X[to])?
Case 3: DTRP — CRV

E[X ()] E[X*(%g)].0%(n,) — Someas case 1, replace to by no
Case 4 : DTRP — DRV

E[X(%)).E[X*(%g)].0%(n,) — Same as case-2, Replace to by no

t=t,, X(t)
xo—
T X

E[X () X (t2)] =Ry @) x () =Rx (b, 1)

Auto correlation of RP X(t)

/

X (t)
X (t)
X(t+1)

Then E[X(t) X (t+1)]=Ryy (t,t+1)

Cov (X(t)X(t2)) = E[X(t) X (t2)] = ELX (W)IELX (t2)]]
oxx (t1,12) =Ryx (t,t2) — ki (1) Mx t,)

Auto covariance of R.P. X(t)

oxx (bt +71) =Ry (6,1 +7) — by ()M (t41)

X(O) —5—X (W), Y(O) ——Y ()
R.P 1 RV RP 2 RV

E[X(t)Y (t2)]=Ryy (t1,t2)
(1) If Ryy (b)) =0 ¥t e TR X(t) and Y ())R.P. will
t, e TR Become orthogonal.
(2) Cov[X(t),Y(t2)]=Ryuy (t,t2) — ix ) Mx (ty)

t2 eTR
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RP X (t) andY (t) are uncorrelated.
If X(t;) and X(t,) are independent

E[XM)E[X ()] =t

E[X(tl)x(tz)]{ O]t
1 1— 2

Same for DRV, replace t by n.

(1) Strict sense stationary R.P. — R.P. should be independent of time shift

X (t) X ()X (t|i|)q:/_ - X(t)

(X, X === %)
fx (t) X (t2) ——— X (t)

Xt +1), X(ty +1) ——— X(t + 1)

X KRV,

(X% === X)
FX (1) X (b —X (t +7)
(i) = (i) — X (t) is solid to be SSSRP.
fx(tl) x)= fx(t2 +7)(X) independent of time
2" order joint PDF is independent of time shift.
fx (t)x ) 00 %) = Fx (o) (tp-tp) (4. X2)
> Does not depend on individual sampling instances t; andt,
> Depends on time difference between sampling instances t; andt,
E[X (%)X (t2)] = E[X (0) X (t; —t,) = Rxx (t1,t2)
E[X(0)X (t; —~t)]=Rxx (0.t —tp) = Ryx (t; ~ 1)

Oxx (i~ 1) = Ryx (t ~ 1) —pik

WSSRP — There are stationary RP which are stationary at least upto 2" order.

(i)

. (i)
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WSSRP
SSRP
(Hv (2) — Not necessarly

x

(1) E[X(t)]=px Constant
(2) E[X?(t)]=Constant
(3) ok = Constant
E[RP]=E[RV]
MSV(RP) = MSV(RV)
Var (RP)=Var (RV)
4) E[X(t)X(t)]=Rxx (h ~tp)
E[X(t+ )X (0] =Ryx (1)
E[X ()X (t+1)] =Ry (1)
Ry, (1) =Ryx (-7)
%t = Rux (0)— 1%
Cov [X ()X (t+1)] =Ry, (1)~ pk
(5) E[X2(t)]=Ryx (0) =0
E[XIE[Xt+D)]=p% (t=0)
E[X’M]=Rxx (0 (x=0)

(7)  Cov[X(OX (t+1)]=Ryx (L1+7) —puy (Oux (t+7)

(6) E[X(®)X (t+1)] =Ry (JACF ={

120

_ —ul =
Cxx (1) = Rxx (1) —u% {RXX(O)_P& =0

Ry (1) ui t#0
T)=
Xx Ry, (0) 1=0

Important point :
(1) If X(t) is zero mean WSSRP.
E[X({®)=0
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ok =EX*(®)]
Var [X(t)]=MSV{X (1)}
Var {X(t=1)}=MSV{X(t=t)}
If X (K) is zero mean WSSRP
E[X(K)]=0 % =E[X?(K)]
Var [X(K)]=MSV[X (k)]
> X(t):WSSRP+IIDRP
E[X(®)]=px. E[X(t+0)]=py, E[DX?()] =Ry (0) =Constant
% (1) =Constant
Let Y(t)=X(at+b)
ELY (t) = px, E[y? (1] =Rux (0)
o5 (1) =Rxx (0) — iy
ELY (©)Y (t+1)]=Rxx (a1) =Ry (1)

Cov [Y ()Y (t+1)]=Cyy (v) = Rxx (1)~

— py =uy = Constant

R (2) = R (30 Y (t) > WSSRP

For Y(t) —{

Time shift, Time reversal, time scaling does not affect stationary nature of R.P.

Let Y (t)=aX (t)+b, X(t) is WSSRP

E[Y (t)]=auy +b=_Constant

ELY 2(t)] =a2Ryy (0) +b? + 2abpy =Constant
Oy =&'Tygy

Cov [Y ()Y (t+1)]=Ryy (1) —1{

ELY (£)Y (t +1)] = 2Ry (1) + 2abpy +b% =Ry (1)
y(t) - WSSRP

Linear transformation of WSSRP does not change its stationarity.

If WSSRP passed through LTI system, output is also a WSSRP.
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aX (1)

X)) —»
WSSRP

y()=aX () +bX (i-T))

WSSRP
Delay _
To X (1 =1,)

ELY (t)]=(a+b)ux

ELY 2(t)] = a%Ryy (0) +b?Ryy (0) +2abRy (10)

oy (1 = (@° +b%)ok (1 +2ab[Rux (To) 1k ]

Ry (1) = (@° +b?)Ryy (1) +@bRyy (1—To) +@bRyy (t+Tp)

Cyy (1) =@%Cyy (1) +b?Cyy (1) +@bRyy (1—Tp) +abRyy (T+T,) — 2abu3
E[X ()X (n+k)]=8[k] =Ry (k) IIDRP

E[X(n)X (n+k)]=E[X?(n))(k =0)

AN, O
l : . & H(S)= 1 — ()
(@) | == y@) ~ CEOmRV 1+8RC pudn Y

LTIS/S
A, ®y —>constant, 6 ~U (0,21)OR6 ~U [-m, 7]
X (t) = Acos (ot + 6)
E[Acos(mgt +60)]=0
E[Acos(mgt + 6+ <)]=0

2 2
2 A A
E[X“(1)] =5 00T
A2
E[X(t)X(t +’C)] :7(:0390\)0'[ = RXX (T)

2
Cov [X(t)X(t+1)]= %COS(DOT

X (t) : WSSRP + periodic with 9 — Ryx (t) will also be periodic with same T.P.

Time Avg = Statistical Aug.
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TEJ.X(t)dtzE[X(t)]

SSSRP
WSSRP

Ergodic ) = @

Auto Correlation and its properties

Similarity between 2 Samples
Let X (t)is WSSRP, X(t)is observed .duration apart

)
(2)
®3)
(4)

()

(6)

(7)

(8)

(9)

E[X({t)X(t+1)=Ryx (1)
Ryx (—7) =Ry (1) :Even

[Ryx ()| <Rxx (0)

{Rxx (t)}max = Rxx (0) = Maximum similarity

OJ? Ryx ()dt= ZT Ryx (t)dt=2 ]2 Ryx (t)dt
—00 0 —0

—> Penodic — R, (1) :Periodic
x(1)

— Non Penodic — R, (7) :Non Periodic

— Energy of R.P. — Encrgy Signal x(t)

E[x* ()] = MSV[x(1)] = Ryy (0)——

— Power of R.P — Power Signal x(t)

X (t) is power signal

Ry (0) = E[X 2(t)] = Gi ot 6>2< )

[N

Total power A.C power D.C power
of RP of RP of RP

If X(t)is ergodic and WSSRP, it has no periodic component

E[X(t)=py #0
n2 = lim Ryy (1) = lim Ryy (1)
T30 [t

If not ergodic but WSSRP then Ryy (0) = E[X2(t)]  Ryy (0) #p%
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Important point:

X (t) > X (o) X (t) & X ()
X (w) = T x(t)e 1tdt X(f)= T x(t)e 12 gt

x(t):z—lTc T X(w)ettdt  x(t)= T X (f)el?™dt

o0

X (0) = T x(t)dt x(0) = j X (f)df

—o0

X(0) =2—17T Ojo X(@do  X(0)= T X(t)dt

3.2. Parserval Theorem

0 1 o0 o0
Exy = | xz(t)dtzz—n_[ | X (@) do= [ | X()[ df
Density Function
|
Energy spectral Density Power spectral Density

(ESD) (PSD)

G (/)| Joule Sy (/) | Watt
G)G{ ((D) Hz G‘m' ((.!)) Hz

Energy spectral density X (t) —> WSSRP, Engery
v ESD 4
X(t) —=— X (0) = | X (0) [*= Gy ()

X()—— X(f)= | X(F)[P= G ()

t f

ESD of x(t)

E[X (£) X (t +7)] = Ry (1) ——F—Gyy (@)
Ryx (1) LGy (f)

ACF(X () < —ESD[x(t)]

Gyx (0) = T Ryx (v)dt= ZT Ryx (t)dt
—o0 0

Zero freq. value of ESD = Area under ACF
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1% Areaunder ESDG yy (o
Rxx (0)=—— I Gyx (0)dw= ()
1 2n 7 2n
E[X?(t)]
_[GXX(f)df = Areaunder ESD Gyx (T)

o0 1 o0 o0
Ex(t)=L|X(t)|2dt=2—nlo|X(w)|2dw=L|X(f)|2df

1 [ee] o0
:zJ.GXX(m)dco: [ Gxx (f)df

—0

Gyx (0) =Gxx (o)

X (t)— Power signal, WSSRP

X (1) <P 58, () = lim <[ Xy () [
Towo T

X (1) <-P2 S (£) = lim —| Xy (F) ]
Towo T

(1) EIXOXE+1]=Rex (1) Sxx (@) = [ Ryx (t)e 7de
(2) ACF[X(t)]«——>PSD[X (1]

Ryx <3 Tyy () Sxx ()= [ Rux (t)e 12 %dc

—0

3) Sxx(0)= | Rex (1)dr=2[Ryy ()t
—0 0

Zero freq. value of = Area under ACF
PSD

() Rux()==- | Sxx (@) do= [ Sy (feldf
Zn_oo -
1 o0
- [ Sxx (@)do

Rux (0)=1 ™
[ Sy (F)df
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(5) Rxx (1) =Ryx (=1), Sxx (©) = Sxx (-w)

(6) Calculation of power

Areaunder PSD

1 ©
2_7'[ j SXX ((D)d(,l)— o

EDX*]=Rx (=1
f Syx (f)df = Areaunder PSD

EDX 20— Rox (0) = [ Sex (0)deo=2[ Sy (1)
0 0

A.C. Power =c?X (t),D.C.Power = pi%y (t)

Mean or Aug value

1%
EX(O]= [~ | S (@)do

o

E[X ®]=p%k ) =

o
Is non-zero only when impulse is not prelent at zero frequency

1% 1%

— | Syx (@)do+— | Syx (®)dw
2n—-|;o xx () 27:-[ xx (@)

2 0"
OX(@) =

0 ©
jsxx(f)dnjsxx(f)df
—o0 ot

o If X (t)isreal, PSD is also real.
e PSDiseven.
e PSD is non-negative, Syx () >0; Syyx (f)>0

Xft) D G ()

Base band R.P.
Y() = X(t).A cos2nft Y(f):%[X(f+fC)+X(f—fC)]
!
Band passR.P.
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Or =BGy (H)HY(F)P

X (t).A sin2nf t =2 5Gyy (1) Y (F) 2

GYY(f):%Z[Gxx(f—fc)+Gxx(f+fc)] fe >>> T

K
RY (T) = 7 RX (T) Ccos ZTCfCT

X (t) — power single

Y (t) = A, cos(2r ft).X (t) = Syy () = PSD

e Y (D)P
sw(1)= "
(1)~ | g P OE i i e

A
Sy (1) = [80x (F = fo) + Sy (F + )]

A
Ry (1) = . Ry (t)cos2nf.t

x(f) : WSSRP
v v
Mixing with deterministic Mixing with deterministic
sinusoidal signal Random process
A A
RY (T) = 7 RX (T) COS ®.T RY (T) = 7 RX (T) COS ®T

A A
Se()="08x(f =) +Sx (F+foll - Sy (1) == [8x (f = fo) + Sy (f + )]

3.3. Cross Correlation

X (t); WSSRP,Y (t) : WSSRP
E[X®)Y (t+1)]=Ryy (t,t+7)=Rxy (1)
ELY (t+ 1) X (®)]=Ryx (-7)
Rxy (1) =Ryx (-7)
Rxy (1) £Ryx (=7)
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o Rxy(t)=Rxy (f)—>May/maynotbe
* Ry ()={Rux (O)Ry (0)

¢ IRe (@5 Rax (0 + Ry O

Cyxy (1) =Ryy (1) —1x by

Cyx (7) = Ryx (1) — 1y by

Rxy (T)LSXY (f)

Rex (1) ¢Sy ()
If RP X (t) and Y (t) are orthogonal-

ELX ()Y (t+ 9] =Rxy (1) =0=Ryx (-7)
E[Y )X (t+1)]=Ryx (t) =0=Ryy (-7)

»  X(t) and Y(t) are uncorrelated and atleast one of them have zero mean-
E[X(t)]=00rE[Y(t)]=0
cov[X(@)Y(t+1)]=0
Cxy (1) =Rxy (1) —pypy =0
Ryy (1) =0
Rxy (t) =Ryx (1) =0

»  X(t) and Y(t) are independent R.P. and atleast one of them have zero mean.

Cov [X(O)Y (t+1)] =0
Cxy (1) =Ryy (t) —pxuy =0
Ry (1)=0

Ryx (1) =0=Ryy (1)

Z(t)= X ()Y (t)
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Rzz (1) = Ryx (1) + Ryy (t) £ Ryx (1) £ Ryy (1)
Szz/(f)=Syx () +Syy (£) £ Sy (f)+Syx ()
If orthogonal [X (t) and Y (t)] then
Ryx (1) =Rxy (1) =0
Syx (f)=Sxy (f)=0

o LTI "
x(t W
> h i

R.(0) ® R(0)

S:\'X(f) H ((x)) va(f)

LTI
x(1) )

— h () —_—

WSSRP WSSRP
E[X(®)]=1x E[Y(®)]=nx [H(@)],

by =pyH(0)
If x(t) is zero mean WSSRP then y(t) is also zero mean WSSRP
Rxy (1) = Rx (1) *h(7) and Sxy () =Sxx (T)H(T)
Ryx (7) = Ryx (7) #h(=7) and Syy () =Syx (f)H(=T)
Ryy (7) = Ryx (1) * h(t) *h(=1)

Syy (t) =Sxx (F)H(F)H (=) if h(t) = real
Syy () =Sxx (F)|H(F)P H(f)=H(-f)
PSDif oP PSth ilp

Power of Y(t)
EIV2 (] = [ Sy (F)df = [ [H(F)[? Sy (F)af

0oag
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DIGITAL
COMMUNICATION

4.1. Sampling

Sampling converts C.T.S into D.T.S, it retains analog or digital nature of signal.

Base band (Low pass sampling)
Sampling _|::
Bandpass sampling

C(t): Impulse Train — Instantaneous or Ideal sampling

C(t): Rectangular Pulse Train : Natural sampling or Flat Top sampling.

I?_’(I(l) %)—p m(t)y=m(t).C(t)=m(t) i o(t—nTy)

C{t)= i 8(t—nT,)

n=—ao

Ideal instantaneous sampling

o0

ms (t) = Z m (nTs)S(t = nTs)

N=—c0

m(®) =M (f)|M(w)

My(@)= s 3 M (0-noy)

N=—00

My(F)= 1T, 3 M(f -nfy)

N=—o0
1. Ifalow pass signal is sampled at f; >2f, then it can be recovered from its samples, when
(fg>2f )n(f < f. < f,—1,)
(PBG =Ty)
f. = cut off free of ideal LPF at RX
2. fy =21, the sampled signal mq(t) can be recovered into m(t) if,
(fg=2f,)n(f, = f,) Ideal LPF
(PBG=Ty)
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3. fy<2f, under sampling,
Tx : Replace generation with ALIASING

Ry : Recovery not possible

» ALIASING is overlapping of adjacent replica’s in sampled signal.

4.1.1. Low pass Sampling Theorem

o Communication Systems

A low pass sampling signal band limited to f,,, Hz, can be sampled and recovered from its samples when and only when

fo >2f at Tx Proper LPF at Ry

No Aliasing Recovery

Let m(t) is lowpass signal bandlimited to f, Hz.

1 1
fay =21 Ty =—=
NY max NY foy 20
| (f$)min =2 fimax min — sampling rate which ensure to aliasing|

S(t) =m(t)cosw, (t) =(f. + f,)

fs (max)
Ng =2(f; + fr) = Ty

1
No=—— =  —T
TTo(f 4ty

Combination of Two signals —

X () = frax = T, X% 0) > fra — T

/umx = max (/‘l > jz )
M) £x,()Ex,(0)
/:V\ = 2-fma.\' = max Of (2/i > 2/ z)
f:uax = (jl +.f?)
ETGERD —|: e
f,\«_a- = z-fmm' = (2fl + 2](2)

f1‘nax = Mln (f;’ jl)
(3) x, (D) x,(1) —I::
[ =2 e =Min(2/}, 215)

m(t) : Ay, CosS®,t, Ay Sinopt — T,

c(t): D 8(t—nTy) >0, f,2f,3f

N=—o0

my () =M(E) ct) = [0 fin|,| g + o] [2F + Finl,[3Fs £ Fi] ..
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m@t) ——M(f) or M (w)

c(t)—c(f) = i C, 8(f —nfy),C(w) = i 21C,, (- N, )

N=—o0 N=—o0

Mo =M,(F)= 3 CuM(F —nf), My(@)= 3 CyM(@—no)

N=—o0 N=—o0

C(¢): Carrier pulse Train

VAN LVAVAN

_Areain T
TS

Co

Recovery — Ty : fg>2f,, Ry :LPF= Proper f

y)=m({t) PBG=—
Co
If c(t) is rectangular pulse
()
AI.A
. T —> {
a (e}
> m(t)is lowpass —
my(®) =ct)m) >My(f)= %Asinc(%”jm (f —nf,)
nN=—0
Recovery- (fg >2f ) n(f, < f. < fg—1,)
PBG of LPF y(t)
1 Com(t)
1 M(t)
Co
K KCp m(t)
C,= Areain T
TS

» m(t) is sinusoidal —
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m(t) = A,, cos 2xf ,t—— f,,

o Communication Systems

c(t)=0, fs,2f,... except n =% Kel, K0
e(l)
mg(t)=0= f,, fo £ f,,2f + ...
If c(t) is Triangular-Frequency absent n=Ka K=0,Kel /\ /T\ /\
>/
»  Rest of the things same as Rectangular pulse -7 I,
a a
m(t) is lowpass signal.
fs=ﬁ K=—H NR =2f,
K fy —f
Previous Integer
fy =Maximum frequency component of Bandpass signal
Natural Sampling
m(t): Low pass sampling
c(b): Train of finite duration pulse or rectangular pulse
My(f)= > CyM(f —nfy)
N=—00
Instantaneous sampling followed by a filter.
> (1)
() () )
c(t)=%8(1 —nT))
y)= > m(nTo)h(t—nT;)
N=—c0
X(t) xmm:

X 0() X =0(X)
Sampled Quantized
value A value

Threshold

Discretizes amplitude axis, analog to digital signal.
Dynamic Range of X(t) = (Xmax — Xmin)

Q input : Q : output : X(t)

xmz}: \

xmiu

xmul
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4V
Q output
k, 3.25
A=25
R 1.25
Mid point
ov

2(t) = 1.25 0<x(t)<25
1325 25<x(t)<4
» Many to one circuit.

L L

Al = AZ = A3 e
L = Number of guantization level of Q.

1. A1=A2¢A3...Ai=Ai+l...¢AL
2. AliAziAg...AiiAi+1...¢AL

Quantizer Error —

X——Q()——X =Q(X)

OE=X, =X-X=X-0(X)

'4 e p

RV Sampled Value Quantized Value
QEP B[ X |- T X3¢ foe [AE1dgE
When PDF of QE is given.
E[xéE} E[(x - X)Z} T (x—R)% fy (X) dx

When PDF of R.V at input of Quantizer (X) is given.
(@ PDFisuniform
A2 Y A3
E| X3 |22 x A +=2x Ay + =3 x Mg +..
[QEJ TR ART I
2 2

_A
12

[Area of region in which step size is 1] + % [Area of region in which step sizeis2] + ...
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A2

If quantization is uniform E[XQEJ I

N A3
b) PDF is stair case E| X L A+Z2 XA+
(b) [ QE} 0 x Ay T A

(c) PDF is non uniform E[XC%E} A A1+ A2+

Signal power  E[X?]
Q-E-P E[XéE}

SONR =

4.2. Pulse Transmission

p(f)
0 _»p(D)
P 7~
e ) v
-
T .
__1 =R, 0 L =R,
b (f) B.W Tb Ib
p()»—|LPF | —(EZD—
Wired channel
»  Bandwidth of wired channel for Ty of single pulse of duration Ty, :
(BW) >R,
)
7
N N
e L
\/ 27, 2T,

Th: Bit interval
R, : Bit rate — Bit/sec
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> Minimum transmission BW of a wired channel for baseband transmission is = 7*3

Number of levels L<2" L, =2"

n is used to represent binary power quantization level.

M =2N
M = Number of different symbols of duration NTj, each.
T, = NT,, : Symbol duration

N = Number of bits combined in binary sequence at a time

Bit rate, R, = nf; bits/sec

—A A 2 A?
—<Q-Ex<—, E =
p SQE=5 B =3

If Mid point Mapping is used.
_DR of signal _DR of Q
L L

A A DR of signal
Q=7 Qe|maX=E Amin=2—n

A

L<on A
2
Poe = EIX&e1=Ely?1= [ y*fy (y)dy

When PDF of Q. Eis given.

L My >
Pon =Poe =, I (X=%)" fx (x)dx
i=L m,
When PDF of X is given.
A A A2
If Q~U|—,— |=Pyg=—
Qe { 2 2} B 712
12
SQNR:FPS
. 1
Bit Interval Ty=—
Ry

B.W2>R, — Rectangular Pulse
B.W2> % — Since Pulse

(B W) = (BW)pcyy =
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N7

m(t) — Single tone sinusoidal

m(t) = A, CoS®,t

- 2

1. R=mi()="n

2

- 2

_ 2 An

2 Ps_m(t)_B?
3. A=
L

6. (SQNR)ax :%4”

7.  (SONR);ax 0B =(1.76+6n)dB
X(t) is uniformly distributed [-Am, Am]

2
L on
3
A
2. Pp=-01
QE =32
3. A=2Pm
L
4. SOQNR=L?

6. (SQNR)4z <6ndB
7. (SONR),, dB =6ndB

Key point:

1. SONR =§L2

3
2. (SQNR) =§4”

Ifn >ntk

(SONR) oy —> 4% R, =nfg
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(SONR) .y = (1.76+6n)dB
n—nztk

(SQNR), 0y — +60B

4. ngiven: L=2"

— L = Binany Power : .= 2"

5. Lgiven:

— L +Binany Power : 7, < 2"

— L=Binany Power : (SONR) = I’ = (SONR)

max

3
2

6. SONR:

— L = Binany Power : (SONR) . = %4”

max

7. ncalculation : Npy;n

8. Default m(t) = Sinusoidal

nf A2
BW=108 p_ =2
2T

nT sLT A >PQE | BW T

nd sL{ SAT >PQE T >BW 4

4.3. DPCM (Differential Pulse Code Modulation)

4.3.1. PCM vs DPCM
1. Afix for Both Q —

(BW)pcm > (BW)ppem
(SQNR)pcm = (SQNR) ppem
D.R at input of Q of PCM is greater than DPCM.

2. L fix for Both Q —
(BW)pem = (BW)ppem
(SQNR)pcm < (SQNR)ppewm
3. Incase of DPCM the difference between current sample and predicted value of current sample is Quantized, Encoded,

Line Coded and Wired Tygq.
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e The recovered signal is “stair-case” approximation of txeq Original analog message signal.
e Stairs are added or substracted of sampling instance.

o Size of each stair is A = Step size of stairs

1. Slope overload Error

gm0
dt

>> é Occurance of S.O.E
max TS

> Toavoid SOE, AT by keeping Tg constant such that —

d
P m(t)

<2 — Forsinusoidal m(t) = A, cosmpt
max TS

Af
<—S
AT] o,

m
2.  Granular Error
It occurs when A is large.

> Toremove it A— small

If SOET,G.E 4 and vice versa.

Poc =E[X5E]=%2

1. SONR =Pi:i—PZS fy = cut off frequency of LPF
QE

3k, f, 3R f
2. (SQNR)p =—Sx-S="Sx_%

2
3. (SONR)ax +M(t) is sinusoidal + SOE avoid =8%[£]

3
4.  [(SQONR)plmax +M(t) is sinusoidal + SOE avoid :%[f_J — By default.
m

00oa
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DIGITAL RECEIVER

5.1. Introduction

X (t) > Deterministic signal process

N(t) — random signal process

RV
Y (1) =X(t) + N(t) Y(I)=XT)+N)
Sample R.V
- Y=X+N value
R.V A Y ™SRy
SV

N Y=N+X Topurt Reception of bit 1

Uniform PDF —+— Uniform PDF % | Logicl Y>A

Gaussian PDF —— Gaussian PDF Y= Logic0 Y <A

ho—

Triangular PDF —— Triangular PDF Threshold Reception of bit 0

1. Ifbutlistaxed — Receiver must recover but “1°.

2. If but 0 is taxed — Receiver must recover but ‘0.

Output of Sampler:

So1+Ngg 1T
Y =Sg1+Ng = o1 “01 X Channel noise is signal dependent
Sop +Ngo 0Ty
So1+Ng 1T o .
Y =S5y+Ng= o1 0 X Channel noise is signal independent

BER Calculation :
PATy) = P(S;(t): Ty ) = P(Sgy(t) : Reception) = p

POTy) = P(S,(t) : Ty ) = P(Spo (t) : Reception) = (1- p)

At the input of decision device a condition R.V. is obtained
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— Conditional PDF of
Y when 0 1s Txed by 71',

Y
f F(J’)
X — (Conditional PDF of

Y when 1 is Txed by 7,

»

—a+S, a+S,

Y >\ Decide in favour of 1, or decides that bit 1 would have been Txed by Txer

Y <A Decide in favour of 0, or decides the bit 0 would have been Txed by Txer.

Average Bit Error Rate :

P =P1UTyn 0)+ POTyl

4 v v N
1 Txed decidein 0 Txed decide in
favour of “0” favour of “1”

P, = P( TX)P(%] + P(0 TX)P(LJ

X 0 TX
"4 N

decides in favour of decides in favour of
“0” provided 1" was txed “1” provided “0” was txed

Problem Solving Technique:
Case 1: When PDF of Noise [noise R.V. at i/p of D.D] is given

!

(1) A : Given
(2) Calculate P,=?

'

(1) Calculate optimum threshold (%)

(2) Calculate min prob. of error

— Min probability of error is
calculated at A

opt*

GATE WALLAH ELECTRONICS & COMMUNICATION HANDBOOK

8.57



° Communication Systems

(@ Aisgiven
R =POTy )P —— |+ PaTy )P[ -
e X7 0Ty X Ty
P O%sz[Y(OTX)>7M]=P(801+NO>k)=P(N0>k—801): [ fx, (no)cno
X A=S01
0 A—So2
P FJZ P[Y(lTX)<7\‘]=P(SOZ+NO <}\,)=P(N0 <}\,—Soz): I fNO(HO)an
X e

(b) Agp —>calculate, Fypyin — calculate

Steps 1:
1. Identify conditional PDF of conditional R.V. from the noise R.V. pdf (pdf of No.)

y _JSou+No ATy
~Spy +Ng 0Ty

2. Plot the conditional PDF one over another
3. Identify the overlapping or common region and decide range of A
(M SA<h,)
4. Choose any arbitrary A in the above range and calculate P, =P, (%)
5 P.(A) VsA
(i) P.(X) Vs A :Independent of A

A0
A
>\
(@ A <A<k, > optimumAisevery A=Ae(Ag:A,)
(b) Rmin=A
(i) P.(}) VsA: Linear
IAS)
— ;L:l [0 k, >

MS}\‘SXZ _>7\‘opt :}\‘1

R OV)min =R (kopt)
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(iii) Pe(A) Vs A: Non linear

¥ opt

d
ﬁpe(x)=o PO =) =Pl ,

Pe(xzxopt) = Fi?'min
(iv) If no overlapping region b/w conditional PDF
P.(A\)=0— BERis0
Case 2: When PDF of conditional R.V. Y is gives at the input of the decision device

' -

A — Given Aot = Calculate
P, — Calculate Pe|min — Calculate
@ P.=POT,)P|—|+paT,)p[-L
e X7l oTy X7 1Ty
P )=PerTy) > )= [~ (y)ey
0Ty X 2 0Ty
0 oA,
Pl — |=P[ALTy) <= [ =(y)d
57, J-PeTo = o

(b) Same as case 1 (b)
Calculate of min prob. of error

Calculate of optimum threshold (2.,,)

!
. :

& P()=0 MAP Analysis
di © _ &
Ay =V ML Analysis

e MARP receiver always calculate min P, .
* Calculation of Aqy = using
d
—PR,(A)=0
R0

MAP Analysis

S i

y > y _
PAT, )f 2 P(OT,)f = el
( X) lTX (y)"(<)" ( X) OTX (y) y <
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It is same as MAP analysis When P(0 Ty ) =P(1Ty) :%

If noise is independent of signal then PDF of conditional R.V at input of decision device will have.

fY
0T, ) — Same Width
Shifted to different
parameters
fy —» Same Height
F(y)
X
Key point: P(OTy)=P(@Ty)
1. Noise is signal dependent/independent Apyin <A < Aqay
A= Mmin + Mmax
2
POTy)<P(@ATy) Aopt <X
PATx)<POTx) Aoy >A
2. If noise is signal dependent
_|Sor+Ng 1Ty
" 1Spe+Ng 0Ty
1. =
Only when Y is having Non uniform PDF.
POTy) = P(1TX)=%  opt <2 POTx)<P@LTy)
Aopt >L P(0Ty)>P@ATy)
P,=P(0Ty)P L +P(QATy)P 0
¢ X0y X 1Ty
Method 1 :
A—uy[0T
p(ij: PIY[0Ty]1>A]1=Q M
0 TX Gy [0 TX ]

P[szl_Q[k_uy(lTX)}
1TX Gy[lTx]
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Method 2 :

P(ij: P[y[OTX]>7\,]= P[Soz +Np >)L]=Q|:

(A —Sg2) — 1
0Ty

GNO

P( 0 j: P[yLTx1<A]= P[Sor + No <7\]=1—Q{

(A —=Sp1) — 1N,
1Ty

GNO

If PDF of noise at the input of D.D is given along with A—

1 [Ny —q| YR
P51 |- PLOTI 1= [ -0 e |

A optimum
1. Differentiation: P,=Q(), dd—kPe(7b)=0—>?»0|0t

. d
2.  Map Analysis : a&(k)zO—)xopt

2
- :(M1+M2j+ oy” ,POTx)
2 (b —np) P@ATY)

Channel noise is Gaussian, signal and channel noise are independent

3. ML Analysis P(OTX)=P(1TX)=%

Wt
kopt: 12 2

W —u
Pelmian{l2 2}
Oy

2
< [ X (E)Pdf 1%, ()df

—0 —00

[ Xa(F)X,(f)df

—00

P(S)mx = Eo % By
Z | AN

I’ v ¥
Max. signal power  Signal energy  Energy of
at sampling at input of filter h(t)
instance
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Egy = [ [S(F) df

J.|H(f)|20|f =En(y

W (t) h©) Xt =T
WSSRP No(t)
ACE l WSSRP
Ry 1) | AcF
|Fm Ry, ()
S, (f) l F.T.

Sy, (1)
R —E[Nzt]—Now H(f) df
No(t) = o()—7j| ()
N
E[Ng(t)] = 70 X Eh(t)

E
SNR) pay = 2

Only when H(f)=[S(f)e?"T]*

Energy of i/p pulse

NSR att=T =
(NSR)rmax PSD of i/p white noise

H() =[s(h)el ]
[Psolmax _ Esty*Eney

TSNO(f)df

—00

S, (F)=[H(F)F Sy (f)

When (SNR) yiax =

No

5.2. Optimum Filter

H(f)=e12MT8"(f)=e 12T 5(-f)
h(t)=S(T —-t)
T = Sampling instance

= Duration of incoming pulse
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Optimum filter = matched filter = Maximizes signal power at sampling instances.

Properties of MF
S(t) is an energy pulse of duration T.

1. h(t)=S(T -t)

2. S(t)=h(T -t)

3. So(t)=S(T)*Nh(t)

4.  S(t), h(t), Sy(t) are energy signal

5. Eg(t) =En(t) =[So(t)]

6. (SNR)y at t=T =58
(No/2)

7. Es (t)>E, (t) then Pe <Pe
8. So(f)=|S(f)f e iz
S(t) <> S(f) > |S(f)]* =G4 (f)
Ry (1) TGy ()
ACF[S(t)]«—L—PSD[S(1)]
Ry (1) T[S ()]

So(1) =Ry (1—T)«—Ls|s(F)F e 12T =50 (1)

q(t)+No(t) 1Ty

V()= So(0)+ No(8) = {az OND 0T

Let P(OTX)=P(1TX)=%

[PE]in =Q{a12;j‘2}=Q@ xT:»Q@i

Maximization of |x|>

[ [s1(f)=S,() df

—o0

2
IXI“max =

(No /2)
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*x
l

e H=[[81(1) S]] B, = [ 1sy(F) =Sy 1) of
Xmax = ﬁ
\ No
() = ST =1) = S5(T =1) = X: X = /2Nﬂ
0

a—a
Pe |min:Q( 120 2]

y

X X
R |min:Q(§) > M.F > P limin |min :Q(%]
h(t)
E
e Imin [min "ZNO
> Onlywhen, POTy)=P@1Ty)=1/2
> AWGN, k_)kopt
» MF
—a
F)e |min:Q[\/K{—(a126 2)}}
Eq
|De |min |min =Q \/R N
0

1.

S.(0) S, ()

»
A li)
—A
]; » [ E.b :Asz
EIﬁ = AT,

Eg = d*(t)dt=4A"T,

d(t) =S,(t) - S, (t) =2 A

0<t<T,

GATE WALLAH ELECTRONICS & COMMUNICATION HANDBOOK

8.64



o Communication Systems

| [2a7t
P =Q|,|—2
»=Q NG }

P,=Q ,Z(ENbﬂ:l
i 0

( Ep ) avg — AZTb

E, = AT,

S, (1) S,(1)

A A

N

E
(Eb)avg —7b
AT,
P,=Q _b}
¢ 2N,

1. Bitrate: Ry
2. Bitinterval =T, =1/R,

3. Symbol duration =T = NT,

4. Symbol rate or Baud or Baud rate R :_I_i :% :%
S b

5. T, Bandwidth (BW)> R, — Rectangular, (BW)z%—winC

o 43)%

= <t<
1. M:2,(N£M),s(t)={:1((?) ’; 8;:;? NRZ coding.
2 = =t=1p
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S, (1) Si(H)
X ° X > (1)

o Zay
(-AJT,.0) 0 (AT, .0)

R |min |min ZQ{‘ZZETdO:I

Eg =(0p)?

2
P, :Q{ 2A Tb} for NRZ
No

v

(Es )avg = AZTb

> Distance of each point from origin = \/Energy of that point

> Distance between two point =/Difference energy =d;,

> dp T5QO)I-R
_ ,AZTb
Pe_Q{ m} for RZ

(@) Binary ASK: (m-ary ASK), For ‘1°’— A, ‘0’, —0

A

1 (AT,
(Ep)avg = P1E1 + P2E; =§X( 5 bj

Pe =Q (EbN)avg :|
\A 0

AZT, cos? ¢
4N,

Correlator Based :

o(t) = /icos&rfct
TS

0<t<T,
"1"=Acosoct  0<t<T,

"0"=0 0<t<T,
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<t< :
(b) BPSK: p(t)= A Ost<Tyt ITx o ceband
~A 0<t<T,: 0Ty
) = Acos 2nift 0<t<T,: 1Ty
| Acos(2nfet+m) O<t<T, : 0Ty
AT,
P.=Q|,|~—2
2
o) = \/:coshfct 0<t<T,
Th
AT, cos? 6
PeZQ —N
i 0
_ v
p. = 12
fE
T
o 2nE
I< 12 2 ;I
S, (t) S, (t)
< E o s > O(t)= 3coswct
@) Ty
Tl e ypll
2 2
M=4 Sk(t):Acos(ancH%K) 0<t<T,,(T; =NTp)
N=2 Sk(t)zAcos(anCHgKJ Ts=NT,
_ . (d 21
K=0123 drin = 2dg sin 5 do =+/Es. q)zV

) ¢j
d, =2d,sin| -
12 0 (2

M =(2V)
1. BitInterval =Ty, Bit rate =Ry, symbol duration (Tg = NT})
2. Baud rate or symbol rate R :Tiz%

S
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A2
Bit energy = E; =7Tb

Symbol energy Eg = NE;
Radius of constellation : d, :\/E_S

Area of constellation circle = ndg =7k

_ogesin/ @) [ 422"
dmm_2dosm(2),(¢ Mj

Binary FSK
Acos2mfit :0<t<T,:1T
SFSK (t) = ! b-="X (f, >>> 1))
Acos2nif,t :0<t<T,:0Ty
BFSK
Same phase ¢ I i Phase shift keying
Coherent BFSK Non Coherent 8FSK
| S(t)= S,(t)= Acos(ayt+¢,);0<t<T,
J ! ]S, (t) = Acos (ot + ¢,);0 <t<T,
)= S/ (t)=Acosot :0<t<T, S(0)= S;(t) = Acos(ot+¢;) 0<t<T,
~|S,(t) = Acos o,t :0 <t <T, S, (t) = Acos(mt +¢,) 0<t <T,

Coherent BFSK
1. ¢=0, R, =HCF[mR,,nR,]=HCF[2(f; + f5),2(f; - f5)]

2. (¢#0) R, =HCF[mR,,nR,]=HCF[(f; + f,),2(f, — f5)]
3. Non-Coherent — R, =HCF[mR,,nR,]=HCF[(f; + f,),(f; — f,)]

d =0(f,+ fz)z%,(fl— f,) :”TRb
Coherent FSK4|
d=0(f,+f,)=mR,,(f,— f,)=nR,

Ry, =HCF[mR,, nR,]
Non-Coherent FSK

1, 02

(fp+ f2) =mRy, (fy - f) =nR,

R, =HCF(mR,,nRy)

» P(OTy)= P(lTX)=%

» Channel Noise : White (AWGN)
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> Dot
f=k|T,

> Filter Method

\fz:mm

Orthogonal FSK :

Non-orthogonal FSK :

2N, 2N,
¢, (1) = |[— cos 2nf, 1
A b
S, (0 X
E, = AJ1,
A T_b d b
2
P> 4, ()
A\/i SO
2
2
— cos 27/t
J;cos f|

N bits are grouped together so that M = 2N symbols or sinusoids of duration Ty = NT,, are generated having

»  Same amplitude, same frequency, different frequency.
A2
fk =T—S ESO = Esl =...= ESM—l Z(?XTSJ

1 1
S
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Scheme Pe For K

KAZT,

BASK ——> P =Q| [—2 N
0

U
e
I
O

No

KAZT,
2Ng |

U
O
(IID

5] -l
Aﬂ o,
|

Pe:Q ul_HZJ :>Q|:\/K H].ZL:LZ

Ne—

For K AWGN identical independent.

S; (t) =r, cos[2nf.t +6;] (0<t<T;) - 1=0t0...M -1
T, =NT,
Case 1: I = constant ¢3‘(t) ASK $, (D) PSK.
0; = variable

Case 2: I = variable A / I
> ¢, (1) > ¢, (1)
0; = constant Kj

S; (t) =r; cos(2nf .t +6;) > M-Ary PSK
S; (t) =r, cos(2nf .t +6;) > M-Ary ASK

Fig. ASK Fig. PSK
b, (1)

— Concentric
circles

b, ()

Constellation of APSK

8 point APSK = 8 point QAM

000
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INFORMATION
THEORY

6.1. Introduction

Information in Event (X =X;) Base Unit

|[X =Xi]=—logb p{X =Xi} 2 Bits
10 Decit
e Nat

6.1.1. Properties of Digital Information
1. I[X=x]=-log, P[X =x]
2. P[X=x]>P[X=X]<I[X=X]<I[X=X]
3. P[X=1]=log,1=0 bits
4, P[X =0]=-log,0=co bits
5. 0<P[X=x]<1 < 0bits <I[X =X] <o bits
6. Foranyevent [X =x],1[X=X]>0
7. (X =x)N(X=x)]=1[X =x]+1[X =X]

Average information of source X = Entropy of source X

M
H[X]1=->P[X = x]log, P[X = x]bits/symbol
i=1

M
H[X]=-)_Rlog, R
i=1
Case 1. All M events are equiprobable —
H[X]=1log, M bits/symbol = Maximum entropy
Case 2. Out of M events only 1 event is certain.
H[X]=0

0<H[X]<log, M M=%
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Information Rate — Symbol rate = r symbols/sec
Entropy = H(X) bits/symbol
Information Rate R = r H (X) bits/sec

1. If r=fg and all event equiprobable, L=2", H(X)=log, L
R =nfy

1. Reduces the redundancy of bits.
2. Two types of source coding
(a) Fixed length source coding
(b) Variable length source coding
(i) Shannon Fano coding

(i) Huffman coding
Key Point :

K
(@) Average code length = L4 =Zni Pi
i=1
(b) Entropy of source = H(X)
H(X)

Vg

(c) Code efficiency n=

n should be as high as possible.
(d) Code redundancy A =(1—mn)
Discrete channel : A channel is called as discrete if X and Y are having finite size.

Memoryless channel : Each present output symbol depends on present input symbol.

X Y1
X=14 " >|P(y; /%)|— }=y
{Xz T Y2
P(y, | x)
xl yl
P(y, [ x) Py | x,)
X Y2
P(y, [x)
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Non Binary Channel :

Binary Channel :

Joint Channel Matrix

Communication Systems

X ——— ——
V.
x- P by

——

3

Y

*Sum of elements of row in channel matrix is always ‘1°.

X
Y
X,
Vs
Y1 Y
X | POgoy) - POOYy)

[P(x;y)]=§ Pxony) -+ P(Xanyp)

Xn P(Xnmyl) P(Xnmym) nxm

P I-POOP(L ]

Condition Channel Matrix

%n p(ﬁj p[y_mj
L Xn Xn Jnxm
POI=-POOP( |

P(y) =Py ny)+P(Xpny)+..+P (X, N y)
[Pk =[POQ,POR)-.. PO, .

PO TP | P{ |
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o Im

X

p(ﬁ o[ Ym
L Xn Xn dnxm

X2
(1-p)

« POq)+P(x)=1

« P(y)+P(y;) =1

g
X| Xo

. P(ﬁ}r PEﬁ] -1
X, %o

« P)=PMxnyn)+PXxny)
« P(Y2) =P nY2)+P(x;NYy)

Y
U—U

vi) P
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P(%,) P[VZJ
)

%) P(y,)
(@ Atro:
mY) o m,
0 >
%) . %)
mO
P(mo)P( “’j 2 P(ml)P(r—(’j
0/ m
(b) Atri:
mO
{3)
n m, I
mO
P(mO)P(Lj 2 P(ml)P(iJ
0/ m
p(ry|m,)
(mo ¥y
( " ] p(ry [ my)
p —
m,
(my) h
p(r|m)

>  After MAP application receiver will be optimum.

P, =P(myNry)+P(mynn)

P, = P(my) P(rﬁ)o} P(mp) P(mioj

P,=1-P,

Cross over probabilities are same.

> P( yl ] = Probability that x; was transmitted given than y received
2

Communication Systems
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Joint Entropy

H(XY) Z—ZZ P(Xi,yj)log, P(X;, ;)
i=1 j=1

HOO) ==Y 3 P{(X =%) A (Y =y})}log, P{(X =x) A (Y =y}
i1 j=1
H(XY) = H(YX)

Conditional Entropy

H [é} > PHX =X)A(Y =y, Hog, P{%}

i=1l j=1 i

Conditional entropy of
X givenY

+  Similarly can write H (%)

Important point :

1. H(XY)= H(X)+H(%)

2, H(XY):H(Y)+H($)

3. IfXandY statically, independent H(XY)=H(X)+H(Y)
Y X
H| = |=H(Y),H| = |=H(X
()= Ho0( 3 |=r00
For B.S.C—~ Cg = Channel capacity
C; =1+Plog, P+(1-P)log,(1-P)
Cs ={1 (X;Y ) max

|(X;Y):H(Y)-H&)

I(X;Y):H(X)—H(éj
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Y Yi
H (Yj =-22P(%,Yj)log, P(Zj
Cs =log,n

[(X;Y)=H(X) loss less channel

1. Single non zero element in each column.
2. Channel matric should be DMC type

3.  Summation of each now must be 1.
4 H (éj:o (XY) =HOX), Co = 1X:¥ g =[H (Xl =001

n = number of input symbol.

6.2. Average Mutual Information

=101 2

1(X;Y)=1(X) I(Y)
1(XY) avg = H(X)—H(éj bit/symbol

Y

106 ) g =HOD=H(

L(X;Y)=1(Y;X)

i1 j-1 P(%)

w fX(ij
1Y) = [ [ fxy (xY)logy |

—00—00

n m _P Y
1(X;Y) =2 > P{,y;}og, M]

]

Py (%i,¥j) =Px (Yj)P[%j

Pxy (Xi'Yj)=P(Xi)P(§j

If R.VS are Independent then 1 (X;y)=0

GATE WALLAH ELECTRONICS & COMMUNICATION HANDBOOK 8.77



o Communication Systems

6.2.1. Channel Capacity

Cs ={1 (X, ¥)}max
I (x;y)=H(Y)+Plog, P+(1-P)log, (1-P)
C; =1+Plog, P+(1-P)log, (1-P)

P — Cross over probability

> Input are equiprobable.

1. Number of rows in each row must be single.
* Ineach row angle element must be 1.

*  Summation of each row will become 1.

- (5 Jroroan-rm-n(§)
L(X;Y)=H(Y)

Cs =[H(Y)]max =109, m bit/symbol

1. Deterministic + Lossless

Each row — Single element
) Mult be 1
3. Each column — Single element

prrwn
Y X
5 1(X;Y)=H(X)=H(Y)
6.  Cs=[1(X;Y)]Imax =[H(X)]max =[H(¥)]max =109, m=log, n bits/symbol

m=n

p(x;)=(1-a) x,
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1(X;Y)=@0-P)H(X)
Cs = HX5Y )] max
=(1-P)logyn n=2 for BEC
C,=(1-P)

. 1 Gi .
> CS:I(X,Y):Elogz 1+ -y Bits/symbol
N

ot =NoB
(i) Xiszero mean R.V E[X“]=0% =S

(ii) Noise is zero mean R.V E[N?] =G2N =N

1 S .
C. ==log,| 1+ — | Bit/symbol
575 92( N\) Y

C =Blog, (1+%j bit/sec

Channel capacity for AWGN
C, > R

S - -
Channel _Information
Capacity = ate

« For X=zeromean RV, N=N;B

B—>w

C, =144 S Finite value
No

For loss less transmission.

6.3. Continuous Source and Differential Entropy

X:DRV,  H(X) =-> p[x=x]log, p{x=x}

X :CRV, H(X) = —Jj: Fx(x)log, f,(x)dx — Differential entropy

Y:DRV,  H(Y) =—> p{y=y;}og, p{y=y;}
J

Y : CRV, H(Y) :—J fy(y)log, f,(y)dy —> Differential entropy
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6.3.1. Channel capacity

(1) For error less | distortion less transmission

(i) Ifall quantization level are not eauiprobable :
C>R
C>rH(X)
C2> fgH(X)

(if) If all quantization level are eauiprobable :
C=R
C>rH(X)
C=>fglog, L

C >nfy

C=R)

(2) For AWGN channel- Y: GRYV,

Y =X+ N, Let Xand N are independent

o2 =o? +}

1
H(y)= 5 log,[2nc5e]

Hy) = % log,[2re[c? +o% 1| Maximum

= P, = Power of signal X

1 5 i
Cs ==log, 1+G—>2< bits
2 Gy )| symbol

—> P, = Noise Power

C:CZX fS

o3 =N,B

2 -
C =Blog, (1+ G—;(] Bits No _ pspof white Noire
oy J|sec 2

B — B.Wof channel
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A\ V)V 4
|C =Blog,(1+SNR)|
J

Py G§<

- ONR=F =%

NotindB PN o}
C =Blog, 1+%
NoB

C =144
No

For infinite Bandwidth B — o
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MISCELLANEOUS

7.1. FDMA (Frequency Division Multiplexing)

»  Multiple signals are multiplexed and simultaneously transmitted through channel.
K = Number of signals are multiplexed
B.W > K [B.W of modulation scheme] + (K- 1) [BW of guard Band]
TDMA (Time division Multiplexing)
Ts = Frame rate or sampling interval or time taken by commentator to completer its 1 rotation
(Band limited to same freq.)
Ts =nT, xN

N = Number of signals being multiplexed

n = of bits/sample

Ty =1 Bit duration

rotation _ f,x60rpm
seocnd

Speed of commentator = fg

Nnf
(BW)pin :% = 2 >

bits
»  When x number of synchronization frame are added — (Band limited to same freq.)

|TS=(Nn+x)Tb| |Rb=(Nn+x)fs|

> xbit/frame:Ts = (Nn+ x)T,
Xbit/2frame :Ts = [Nn +§ij

» Y% (Total of y%) synchronization bits are added —(Band limited to same freq.)

0,
T, =| Nn+N<y%
100
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Nnx y%
= Nn f
R [ BT }S

» When N signals are band limited to different freq.
Ry =nfg +nfs, +....nfg

COMA (Code division Multiple Aces)

Processing gain of CDOMA =G = E&]
h

» Each user is assigned with unique code

(1) PSD of thermal noise is Gaussian in nature. Also known as Johnson noise
(2) Thermal Noise power P, =4KTBR =V,? = (V,)?rms
Thermal Noise voltage

(Vp)rms =‘/4 KTBR

_ (Va)rms
(I)rms= =

» Max. Power which could be deliver to amplifier = KTB
» Noise figure (F) or Noise factor
F(dB) =10|Oglo F
N; =kTB
No =N;G + N, = KTBG+N,

Amplifier G: Power gain

N y 3

a

N,

0>

S,

0

(I/H )mu ¢ v

Te: Equivalent Temp of
amplifier

_(NiG+Ny)
GN,

F

_ Output Noiseincluding Noisy amplifier
Output Noise Considering noise lessamplifier

_ Na = (SNR);/p
* KBG (SNR),,,

Te=(f-DT No (output Noise power) = KTBGF

No =K BG(T +T,)

=1+T—e
T
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KTB(F, -1)
KTB(F —1)—» P
KI'B—— >
KTBF.G,

Output Noise with noisy amp" =[KTB(F, -1) + KTBRG; ]G,

F=F1+F2_1

F-1 (R-1
GG,

F=FKH+ Foeien

) Te Tes
Te (equivalent Temp.) =Tg +—%+_———+.........

G GG
xdBW = (x+30) dBm

(SNR), SNRattheoutputof Ry
(SNR); (SNR)inm

FOM =

P P
For DSB-Se . (SNR)g = ZN”;B,(SNR)i :W::B

For DCB-FC |y = me =n— efficiency
A+ Pm

2
3 Kfpn 3., . .
ForFMy=—5 ———=— For sinusoidal
Y 47_[2 82 ZBFM( )

2
For PM y=KZP, :B% (for sinusoidal)

Parity Bit or check bit (m1)

Channel
S Q E [ 0—— Codecword
l K bits n=(K+m)
n>K

Source coding
—» Huffman

—» Shannon coding
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Linear Block Code
@® modulo 2 sum — EXOR

channel channel d, channel %
h— cncoder [ "G d—> —> G — enc 2
encoder d ®d, encoder ¢, @,
1) ) )
d

C » Code (n, K)

P bits_> E.n?odcr
(2) m
(3) Different data words (message word) with K bits = 2¥
(4) Each data word will have m parity bits attached to generate 2X code words.
(5) Total no of arrangements with n bits at output of encoder will be —2" out of which only 2 code words are valid.
(6) Rate efficiency = code efficiency = code rate = K/ n

n bits

Hamming Weight
Number of 1’s present in L, B,C
C(7.4)
Example:  C:1110001, HW =4
Hamming distance

It represent bit change at respective position
X = j 1010111

Y=01110101 d(x,y)=3

Method 1 dmin = Min hamming weight of 2K codes except codes having 0 weight.

Combination: 2XC,crosscheck

Method 2 d min<n-K +1

Method 3 “Minimum no of columns in parity check matrix [H] Which makes zero sum (module 2).”
Error detection L.B.C

can detect t errors
Error correction |d;, =2t +1

Code Generation at Ty —[Cli, =[Dliuk [Clksn
[Glkxn — Generator Matrix
[Clkxn =k PlksnOFLP; 1k Jksn 1k = Identity Matrix of order K.
Parity check Matrix — [H]=[P"; I, = K]k

Or
[HI=[1-k: PT](n—K)xn
Note - [C] [H"] =0
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cor
r=C  (Noerror)
r=C (Error)

>

r will given

> Calculate syndrome : S=r[H]"

>  Observe the syndrome: S matches with it row of [H]" which Means it" bit from left has error.
Non systematic L.B.C

Hamming Code

)
(2)
3)
(4)
()

(6)

(7)

ItisaL.B.C

dmin =3

Detect upto 2 bit error

Correct upto 1 bit error

K bit data, m bits parity = n=(m+ K) bits code

Parity bit no. is calculated 2" > (m+K +1)
m="?

Placing of parity bits ate at 20,21,22, ........ locations

K bits——»{ Coder (—— n, = (m+k)code

m parity
bit

Problem solving Technique:

(i)

d = K bits msg

(i) divisor polynomial

X3+ X +1=x3 +0x? + x+1—> (1011)

Step 1. Kmsg bits are given

From (K + m) message bits
# m — addition of m zeros(append)
» Highest order of divisor polynomial (or) (number of bits in divisor polynomial)-1

Step 2. Modulo 2 division

0ao
cystomer Library:- https://smart.link/sdfez8ejd80if
PW Mobile APP:- https://smart.link/7wwosivoicgd4
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