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BASICc CALCULUS

1.1. Introduction

1.1.1 Limits, Continuity and Differentiability

(@) Asxtendstoa(x —a) = xismoving towards a
A value | is said to be limit of a function f(x) at x — a if f(x) »> | as x — a.

It is mathematically defined as

limf(x) =1= lim f(x) = lim f(x)
x-a x—a~ x—at
That is, Limit exist at any point, if LHL = RHL

A function f(x) is said to be continuous at x = a, if

limf(x) =1=f(a) = f(X)lx=a

That is, for a function to be continuous at any point, RHL = LHL = Value of function at point x = a.

Note: e  For lim f(x) to exist, the function need not be continuous at x = a.
x—-a

e  But for f(x) to be continuous at x = a, limf (x) should exist.
xX—a

e  Continuity from Left: lim f(x)=f(a)
X—a

e  Continuity from Right : If lim f(x)=f(a)
X

—at
A function “f ’ is said to be continuous in open interval (a, b), if it is continuous at each point of open interval.

Let ‘f > be a function defined on the closed interval (a, b) then °f " is said to be continuous on the closed interval [a, b], if
itis:

1. Continuous from the right at a and

2. Continuous from the left at b and

3. Continuous on the open interval (a, b).

GATE WALLAH ELECTRICAL HANDBOOK 1.1




° Engineering Mathematics
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Fig. 1.1

(b) Concept of differentiability

A continuous function f(x) is said to be differentiable at x = a, if lim %
X—a i

under consideration in f'(x).

f')lx=a = f'(@) = mw

xXx—a
f'(a) = tan 8, where 6 is the angle made by the tangent to the curve at x=a with x — axis.
(c) Some Standard Derivatives

(i) %(x") =n.x"?!

(i) %(sin X) =cosx

(iii) %(cos xX)=-—sinx

(iv) %(tan x) = sec?®x

(v) dix(cot x) = —cosec?x

(vi) d%(sec X) =secx.tanx

(vii) % (cosec x) = -cosec x cot x
(viii) == (sin™1x) = =;-1<x<1
(i) %(cos‘1 x) = \/1___13‘2,—1 <x<1
(X) %(tan‘1 x) = 1+1x2

exists, that is, RHL and LHL exist at a point
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(0t ) = 5
(xii) 2 (sec™'x) = IXI*/%
(xiii)  —(cosec™lx) = le\/_% (X > 1
(iv) oo (ogex) = o —

(xv)  =-(logex) ==
(xvi) %(ax) = a*.log, a
(xvil) = (e*) = ¥

i) () =5, = 0)
(Xix) = (%) = x*(1+ log, x)
(xx) = (sinhx) = coshx

(d) Product rule of differentiation

() =(f0).9(0) = F(). g'(x) + F1(). g(x)
(i) d(uvw) = uvw'+ uv'w + u'vw

(e) Quotient rule of differentiation

4 (f®Y _ 9 f)-f(x).9'(x)
dx (g(x)) (g(x))2 ,(g(x) # 0)

() Logarithmic differentiation:

Taking log might help in differentiation of a function. For example if y=v" then we can take log both side and

. . dy
differentiable to get ——
irrerentiapble 1o ge dx

(g) Differentiation in parametric from :

dy _dy/dt

If it dyint f find variable ‘t’ that is x = f(t), y = o(t), then
we write x and y in term of find variable atis x = f(t), y = o(t) dx dx/dt

(h) Greatest Integer function / step function / integer part function
fx)=[x] =nvn<x<n+lwhere,n€Z

lim[x] = A ifaisan integer (. A = do not exist)

xX—a

LHL =lim[x]=a-1

x—-a~

RHL.= lim[x]=a

x—at
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Fig.1.2. Greatest Integer
(i) Properties of Limits

() Um(fG) £ g(0) = limf (x) + limg(x)
(i) lim(£ (). g(0) = limf (). limg (x)

16 - HE (1img (x) #0)

(iii) lim=——= limg(x) #0

x~ag(x)  lmg(x)’
(iv) If limf (x) exists and limg(x) = A, then limf (x). g(x) may exist
x—a x—-a x—a
Example: Let f(x) = sinx, g(x) = l, limf(x) =0, lim: =2
X x-0 x—-0X
But limsinx.~ =1
x—0 X
(v) Indeterminate form 111 (0°, 1%, «°)
If y=lim [ f ()]'%
X—a

Then, logy = lim ¢(x)log] f (x)]

Thus 0°, 1%, «o® will convert into «ox0 from which can be solved easily.

fG _ 0 fx) f'(x)
(i) If ll—Tfé g o (OI‘) , then }czgg(x) ;lcl—>ag '(x) * (0)
If )lcl et (or) , then llm 7 ;lcl—trclzg o )and so on

(vii) If llm(f(x) gx) =0x0= lim (f( )) 5 (Apply L- Hospital Rule again)
)
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(i) Some Standard Limits

. . sinx

M) i‘_’fé x 1

. . tanx

@) fmes1

. 1-cosax _ a*

) e

v) 1imX=p
xXx—>wn X

(v) Iim=X=0
xX—o X

(vi) Lim(1 + ax)P/x = b
X—

(viiy  tim(1+ %)bx = e

X—00

X X 1/X
(i) um (=) =Vab

x—0

X1 9XyaX x\1/x
(lX) lim (1 +2%4+3%+..4n ) - W

x—0 n
. a¥*-1 . e*-1
(x) lim—— = log, a;lim = 1
x—0 x-0 X

(xi) iimx.sin (%) =0

-0

1.2 Mean Value Theorems

1.2.1 Lagrange’s Mean Value Theorem (LMVT):

If f(x) is continuous in [a, b] and it is differentiable in (a, b) then 3 at least one point ‘¢’ such that ¢ e (a, b) and
b)— f(a
Il z f@

—a
Here f'(c) slope of tangent to f(x) at x = c.

Tangent at x = c is parallel to the line connecting the points A and B
S )
A

() B(h. f(£))

fa)

Fig.1.3. LMVT
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1.2.2 Rolle’s Mean Value Theorem
If f(x) is continuous in [a, b] and differentiable in (a, b) and f(a) = f(b) then 3 at least one-point ¢ € (a, b) such that f'(c) = 0.

A

y =Ax)

R e

fib)y-fa)-

Fig. 1.4. Rolle’s mean value
1.2.3 Cauchy’s Mean Value Theorem

If f(x) and g(x) are continuous in [a, b] and differentiable in (a, b) then 3 at least one value of ‘c’ such that ¢ € (a, b) and
g'©) _ gb)-g(a)
f@  f-fla

1.3 Increasing and Decreasing Functions

1.3.1 Increasing Functions

A function f(x) is said to be increasing, if f(x;) < f(x3) V x; < x5
Or

A function f(x) is said to be increasing, if f(x) increases as x increases.
For a function f (x) to be increasing at the point x=a, f'(a) > 0.
Example:
e*, log ex — Monotonically increasing functions
sin x in (0, ©/2) — non-monotonic functions
1.3.2 Decreasing Functions

A function f(x) is said to be a decreasing function, if f(x;) > f(x,)Vx, < x,

A function f(x) is said to be decreasing function, if f(x) decreases as x increases.

Example: e™* —Monotonically decreasing function, sin x in (g n)

1.4. Concept of Maxima and Minima

Let f(x) be a differentiable function, then to find the maximum (or) minimum of f(x).

(1) Find f’(x) and equate to zero.

GATE WALLAH ELECTRICAL HANDBOOK 1.6
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(2) Solve the resulting equation for x. Let its roots be a, a, . . . then f(x) is stationary at x=as, az, . . . . .. Thusx=ay, az, . . .
... are the only points at which f(x) can be maximum or a minimum.

(3) Find f"(x) and substitute in it by terms x =as, az, . . . . . . wherever f "'(x) is negative, we have a maximum and wherever
f"(x) is positive, we have a minimum.

(4) Iff"(a) =0, find f"’"(x) put x = az in it. If f""’(a1) # 0, there is neither a maximum nor a minimum at x = a;. If f "’(a1) = 0,
find f V(x) and put x = a; in it. If f V(a;) is negative, we have maximum at x = ay, if it is positive there is a minimum at
x = az. If f V(ay) is zero, we must find f Y(x), and so on. Repeat the above process for each root of the equation f’(x) = 0.

Example: x = 0 is a critical point of f(x) = x*

X < » X

0

x=0 1s point of
inflection

L/
i
Fig. 1.5. Graph of x3

fx) =x3
= fx)=3x*=0 = x=0
f'(x) = 6x = f"(0) = 6(0) =0

e Global maxima and minima :

We first find local maxima and minima and then calculate the value of ‘f* at boundary points of interval given e.g. (a, b)
we find f(a) and f(b) and compare it with the values of local maxima and minima. The absolute maxima and minima can
be decided then.

1.5. Taylor Series

If f(x) is continuously differentiable (f'(x), f"(x), f""(x),..... exists) then the Taylor series expansion of f(x) about the
point X = a is given by

o) =f@+E2G - a) + 22 (x - a)? + 22 (x — )% 4.0

If a =0, then f(x) = £(0) + f'l(,o) x + f”z(,o)x2 + f”3',(0)x3+ ..... oo (Remember that Mc-Lauren Series is same as Taylor
Series ifa=0)

The coefficient of (x —a)" in the Taylor series expansion of f(x) is '@

n

The general expansion of Taylor series is given by f(x + &) = f(x) + h. fff) + hz.f”z(x) + i3, f';(,x) o w

!
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e  Finding the expansion of ¢* about x =0
f)=e*=f(0)=e’=1
fl)=e*=f'(0)=e’=1£"(0)=f"0)=f"(0)=..=1
f) =e =1+ -0)=+@x— 02—+ (x—0)>—+....

2 3
= e*=1+2+Z 44 .
1! 2! 3!

1.6  Integral Calculus

If F(x) is anti-derivative of f(x). That is, continuous and differentiable in (a, b), then we write f;:ff(x) dx =F(b) —
F(a). Here f(x) is integrand
If f(x) >0Va <x < b,then f:f(x) dx represents the shaded area in the given figure.

y=f()

>

x=a =h

Fig.1. 6. Integration of continuous function
1.6.1 Mean Value Theorem of Integration

If f(x) is continuous in [a, b] and differentiable in (a, b) then ‘3’ atleast one-point ¢ e(a, b) such that

[ rodx
=25

y = fe) < WY

A F D _
0 x=a c x=b -

Fig. 1.7. Mean value of integration
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1.7. Newton-Leibnitz Rule

If f(x) is continuously differentiable and ¢(x), ¥(x) are two functions for which the 1* derivative exists, then

d P(x)
a( f(x)dx) = (). ') — f(p(x)). ¢'(x)
o (x)
Example: ;—x(f;cz sinx dx) = sin(x?).2x —sinx.1 = 2x sin(x?) — sinx

1.8. Some Standard Integrals

=

fxndx=L+1+C, (n+-1)
n+1
2. f%dx=loge|x| +C

3. [sinxdx=—cosx+C

4. [cosxdx =sinx+C

f'(x)
5. fmdx =log,|lf(x)| +C

sinx

6. [tanxdx=-[-

dx = —log.|cos x| + C

Cos x

= [tanxdx = log, | secx |+ C

cos x

7. [cotxdx = dx = log,|sinx| + C = —log,|cosec x| + C

sinx

8. [secxdx= fwdx: log.|secx + tanx| + C

(secx+tanx)

9. [ cosec xdx = log,|cosec x — cot x| + C

aX

10. [a¥dx = +C

logea

11. [——dx =log,x+C

x.loge a

12. [x*(1+logex)dx =x*+C

13 [f().f(xdx =1 (f)* +¢C

f'x)
14. = 2.
1) 6 dx Jfx)+C
15. If f(x), g(x) are two functions. that are differentiable, then

JfG) gCdx = f(x). [ g() dx = [[f'(x) g(0)]dx + C

GATE WALLAH ELECTRICAL HANDBOOK
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Before integrating the product, the functions f(x) and g(x) are to be arranged according to the ILATE Principle.

Here, ILATE stands for INVERSE LOGARITHMIC ALGEBRAIC TRIGONOMETRIC EXPONENTIAL.

1.9 Properties of Definite Integrals

1. Iff(x) is differentiable in interval (a, b), then ff fx)dx = — fbaf(x) dx
2. If3apointc € (a, b) such that f(x) is not differentiable, then
[Preodx = [Cfo0 dx + [P F(x) dx
3. Iff(x) is continuously differentiable function,
SO FGdx =2 x [ f(x) dax; if £ (—x) = f(x), (“F(x) is even function”)
= 0; if f(=x) = —f(x), ("f (%) is odd function"”)
4. [FFO)dx =2 x [} f(x) dx, if f(2a—x) = f(x)
5. [ f()dx= [ f(a+b—x)dx
5 L e = (7)
Example:

(i) j-rr/z sinx _ T

0  sinx+cosx 4

.. /2 1 _(m/2 1 _ (7/2 __ Ncosx _T
(ii) fo 1tvianx X = fo 1+(x/sinx) 1 fO \/cosx+\/sinxdx T4
Veosx

o3 VX 3-2) 1
(iff) fZ VE+Vs—x ( 2 ) T2
. /2 Vtanx _
(IV) fO Vtan x++/cot x x =

7. f:/zsinmxdx = f:/zcosmx dx =

T
4

(m-1)x(m-3)x(m-5)
mx(m-2)x(m—4)

XG) (or)%x K
Where K = =/2 if m is even
=1ifmis odd.
8 frr dx :l

0 a?cos?2x+b%sin2x ab

9. J-Tt/z dx T

0 q2cos2x+b%sin2x  2ab

1.10 Length of a Curve

2
(a) The length of the arc of the curve y = f(x) between the points where x =aand x =bis s= J': 1+(%) }dx
X
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flx) A

0l x=a x=b

Fig.1.8. Length of the curve

2
(b) The length of the arc of the curve x = f(y) between the points wherey =aandy = b, is s= I: {“ [?j ]dy
y

(c) The length of the arc of the curve x=f(t),y=f(t) between the points where t = a and t = b, is
2 2
b
s:j (%J +(Q) dt
a\{ dt dt

2
(d) The length of the arc of the curve r = f (), between the points where 6 = ccand 6 =, is s = IW re +(%) }de
(02

1.11 Surface Area of Solid generated by revolving a curve about a fixed axis.

Elemental Surface Area
dA = 2ny X ds = 2myds

_ 2
= Total surface area= A = f;:f 2my |1+ (Z_i) dx

Fig.1.9. Surface area
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1.12 Volume of the solid

A. The volume of the solid obtained by revolving the curve y = f (x) between the lines x = a and x = b is given by

= V=~ [ ny2dx

v Ax)

Fig. 1.10. Volume of the solid

B. Revolution about the y-axis. Interchanging x and y in the above formula, we see that the volume of the solid generated
by the revolution, about y-axis, of the area, bounded by the curve x= f(y), the y-axis and the abscissay =a, y = b is

J.: nx2dy .

1.13 Gamma Function

The integral f0°° e *.x"1dx, (n > 0) is called Gamma function of n. It is denoted by I'n = f;oe‘xx"‘ldx .

m+1 n+1
| o 2=
e (zj(zj

Note : j sin™ xcos" xdx = 5
0 zr{mznﬂ

Where I'(x) is called the gamma function.

1.13.1 Properties of Gamma Function
i) Tn=mn-1)! (i) Tn+1)=Mm)
(i) [(n + 1) = nl'n ) r(i)=vz

1.14 Beta Function

The function B (m, n) = fol x™1 (1 —x)" 1dx (m,n>0)is called B function of m and n.

GATE WALLAH ELECTRICAL HANDBOOK 1.12
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1.14.1 Properties of B function
'm.In

(i) BOmm) = im
(i) B(m,n) = B(n,m)

0 m-1
(i) p(m,n) = J o
© xn—l

Bum) = [y oo dx

. . 1 1 q+1
(iv) sinP@.cos10dx = Eﬁ (%,%

), (,a> -1

1.15 Area between the curves

If the function f(x) > g(x) for all values of x between x=a and x=b then
A= fff(x)dx — f(fg(x)dx = A= ff(f(x) —g(x))dx

Fig. 1.11. Area under curve

1
Note : Area bounded by curve r = f(0) between 6=a and B is 5-[5 r2do

1.16. Multi Variable Calculus

A function f(x, y) is said to be continuous at (a, b), if ,lci_’,ﬁf(x' y) = f(a,b)
y-b

If f(x, y) is a continuous function, then the derivative of f(x, y) with respect to x treating y as constant is given by

_of _ 4. flxthy)—f(xy)
P= ax %,l_%l h

The derivative of f(x, y) with respect to y treating x as constant is given by

_g_l f(x:}""k)_f(x’}’)
1= %9y = 2% k

A function f (x, y) is said to be homogenous function of degree ‘n’ if f (kx, ky) = k™. f(x,y).

GATE WALLAH ELECTRICAL HANDBOOK 1.13
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Example: flx,y) = x3 —3x%y + 3xy? + y3
— Flkx ky) = (kx)? — 3(kx)2(ky) + 3(kx). (ky)? + (ky)?
k3(x® — 3x%y + 3xy? + y3)

k3. f(x,y) = f(x,y) is a homogenous function of degree ‘3’.

If f (X, y) is a homogeneous function of degree ‘n’ then

. of af
(i) x—+yay nf

o*f
(i) x2 + 2x yaxay+y ayz—n(n—l)f

If f(x, y) = g(x, y) + h(x, y) + ¢(X, y) where g (X, ¥), h (x, y) and ¢(X, y) are homogenous functions of degrees m, n and

p respectively, then
a a
—f + y.a—f =m.g(x,y) +n.h(x,y) +p.¢(x,y)

2. 2Lt 2xy. 2Ly 2. 2L = m(m = 1). g () + n(n = D.hG6Y) +p( - D.$()

du ou dx+8u dy
dt  ox dt oy dt

(if) 1f u be a function of x and y, where y is a function of x, then d_u =@ g dy
dx ox 8y dx

(i) Ifu="1f(x,y)andif x = (t), y = v(t) then —

(iii) 1fu="f(x,y)and X=f;(t;,t,) and ¥ = f5(t;,1,), then
ou  ou ox auay ou ou OXx ou oy

an . 2
N oy oy o, ooy oy ot
dy  of /ox

iv) If x and y are connected by an equation of the form f(x, y) =0, then — =—
(iv) y yaneq x,y) X gy

If f(x, y) is a two-variable differentiable function, then to find the maxima (or) minima.
Step-1: Calculate p = Z—i andq = Z—]yc and equatep=0,g=0

Let (Xo, Yo) be a stationary point.

2 2 2
Step-2: Calculater, s, t where r = a_z s = o7 t= a—);
0x%1 (x0,y0) 9%.9Y (%0, 07 (x9,0)
Case (i): If rt —s? > 0and r > 0, then the function f (x, y) has minimum at (o, yo) and the minimum value is f(xo, Yo).
Case (ii): If rt —s? > 0and r <0, then the function f (x, y) has maximum at (Xo, yo) and the maximum value is
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f(Xo, yo)

Case (iii):  If rt — s? < 0 ; then we cannot comment on the existence of maxima and minima.

Such stationary points where rt — s = 0 are called saddle points.

If f(x, y, z) is a continuous and differentiable function, such that the variables x, y and z are related/constrained by the
equation ¢(x, y, z) = C then to calculate the extreme value of f(x, y, z) using Lagrange’s Method of unidentified multipliers.
Step-1: Form the function F(x, y, z) = f(x, y, z) + A{d(Xx, y, z) — C}, where 4 is a multiplier.

Step-2: Calculate a—F, 9F and & and equate them to zero
dx’ 0y 0z

Step-3: Equate the values of A from the above 3 equations and obtain the relation between the variables x, y and z.
Step-4: Substitute the relation between x, y and z in ¢(x, y, z) = C and get the values of x, y, z. Let they be (Xo, Yo, Zo).
Step-5: Calculate f(xo, Yo, Zo)

The value f(xo, Yo, 20) is the extreme value of f(x, y, z).

If f(X, y) is continuous and differentiable at every point within a region ‘R’ bounded by some curves is given by
I'=[ff(x,y) dxdy

If there is a double integral,
=b =
=[50 2 fy)dydx [Lety(x) > 0(x)]

Then | = area of the region bounded by the curves, y = ¢(x); y = ¥(x), x=aand x =b if f(x,y) =1
Value of x — co-ordinate of centroid of the region bounded by y = ¢(X); y = w(X); x=a, x = b if f(x, y) = x

=b =1l) =d =h
1= f;:a f;:(p(%)f(x,y)dydx - 1= fyyzc f;:gg))f(x,y)dxdy

In change of order of Integration, the order of the Integrating variables changes and the limits as well.

Note :  When limits are constants, the order of integration does not matter,
y=d x=b x=b y=d

[ ] feyyddy= [ [ f(xy)dydx

y=C x=a X=a y=C

1.17 Jacobian of the Transformation

(i) The Jacobian of the transformation, X= fl(u,v), y = f5(u,V) is defined as,

3_96y) _
o(u,v)

TR
Yoo W
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(if) The Jacobian of the transformation,

x=f(u,v,w),y = fo(u,v,w),z= f3(u,v,W) is defined as

X
du,v,w) [0
ZU ZV ZW

1.18 Change of Variables Formula

(i) jjf(x,y)dx dy:jjf(fl(u,v), fo(u,v)|J | du dv
R R

iy J[] 00y, 2)dxdydz = [ £ (F(u,v,w), F(u,v, W), F3(u,v, w))| J | du dv dw
R R

1.19 Change of Variables

(i) Cartesian to polar co-ordinates :
X=rcoso
y=rsin0
J=r
dx dy =rdrd6
(if) Cartesian to cylindrical polar co-ordinate :
X=1rCo0sO
y=rsin6
z=12
J=r
dxdydz =rdr d6 dz
(iii) Cartesian to spherical polar co-ordinates :
X=psin$cosO
y =psinsin6
Z=pCos¢
J =p?sin¢
dxdydz =p?sing dp dp do
aaa
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ORDINARY DIFFERENTIAL
EQUATION

2.1 Differential Equation

The equation involving differential coefficients is called a Differential Equation (DE).

1. xz.Z—z+y2 =0

, FT_ o
' ax2 ox
0%u 0%u
2 2 0%u _
3. xTo5+y ‘357 0

2.1.1 Ordinary Differential Equations (ODE)

The DEs involving only one independent variable is called ordinary differential equation.

Example:
2dy 2 _ N
(2) e* -d—y+y2 =e*
dx

2.1.2 Partial Differential Equations

The DEs involving two (or) more independent variables are called Partial Differential Equations (PDES).

Example:
P _ o 2
dx2 at2

u_ o _1 o

ax2  8y? K ot

u_ o _

ax2 = ay? 0

2.1.3 Order of a Differential Equation

The order of the highest derivative that occurs in a DE is called order of a DE.
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2 3
) d_y+(d_y) —y= — Order =2
) d_i’_|_2.dz_y+'ﬁ7y—3x2:ex — Order =3

3 Fr il tievey — Order =2
9%u _ 19u _
(4) 2zt — Order =2

2.1.4 Degree of a Differential Equation

The Degree of the highest order derivative that occurs in a DE, when the DE is free from fractional (or) radical powers.
Example:

1 3

(1) The Degree of the DE (%32') +2 (d—z) —3y=0is1l.
2,01 3

(2) The Degree of the DE (d—xZ) + (Z—i’) +4y=0is2

2

() =(H@) +w)

d?y 2 _ (dy 3
() =) +v
(3) Itis not possible every time that we can find the degree of a given differential equation. The degree of any differential

equation can be found, when it is in the form of a polynomial; otherwise, the degree cannot be defined.
Example degree of the DE is not defined

2 2
d_g/ + cosd—z =5x
dx dx

2.2. Formation of Differential Equations

If a solution y = f(x) contains n arbitrary constants in it, then differentiate y for n times and calculate y’, y",y"",....y™ So, from
the (n + 1) equations available, try to eliminate the arbitrary constants in y = f(x)

e  The different equation formed for the solution, y = C,e*1* + C,eX2* where C;, C, are arbitrary constants is

d? d
d_x}; — (K1 + K3) ﬁ + (K1.K3)y

e If the solution is y = C;ef1* + C,eX2¥ + C;e/3* where C;, C,, Cs are arbitrary constants, then the DE is y"' —
(K1 + K, + K3)y" + (K1 K, + K K3 + K3K,)y' — (K1 K,K3)y = 0

2.2.1 First Order DE
The general form of a 1* order DE is given by % =f(x,y)

dy _ _ Mxy) _
If dx N(x,y) - f(x' y)
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e N(Q,y)dy+M(x,y)dx =0
e Mdx + Ndy = 0 where M, N are functions of x and y.

2.2.2 Linear ODE:
An ODE is said to be linear, if it do not contains the higher power terms of dependent variable

"\dx/ ’\dx

D 2 dy dy)?
coefficient (y Y y(dx), ..... )

2 3 4 dy 2 dy 3 - . - - . .
(y I AT AT (—) (—) ) and also the terms containing the product of dependent variable and its differential

Example:

d? d
(1) xz.d—x}z’— 5x£+ 6y =0

LA S
2 ™ 5y = sinx
Py Y | iy = i
Tz~ 0. tTsiny=0 — Non-linear DE
o v oy
o Here,smy—y—?+a....
&y 54 ginx =4y - Linear DE
dx? “dx Y

2.3 Solving of Differential Equations

2.3.1 Solving of 1st Order DE

If the 1* order DE is given by % = ¢(x).Y()
= [ 504y = [ $G0dx

On integrating we have solution of the given DE

If the 1% order DE is of the form 2 = X&)
dx  N(xy)

Such that both M(x, y) and N(x, y) are homogenous functions of same degree, then we say that the DE is homogeneous.

Example:

dy  x%+y?

W 2=

dx xy

dy ax+by
(2) E = a'x+b'y

(aand b are not zero at the same time)

If the DE 2 ™ = YY) s 5 homogeneous DE, then the equation can be converted to Variable Separable form if we

T ON(xy)
substitute y = Vx ; dy =V + xd_V
dx dx
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2.3.2 Exact Differential Equations
The DE Mdx + Ndy = 0 where M, N are functions of x and y is said to be an Exact Differential Equation, if there exist a
function f(x,y) such thatMdx + Ndy = d(f(x,y))

Mathematical condition to check the Exactness of a differential equation is

on _ am
ax_ay

If M(x, y) dx + N (x, y) dy = 0 is an Exact differential Equation, then the solution of the DE is given by fy M(x,y)dx +

=const

[ (terms not containing xin N) dy = C

The function which, when multiplied to a non-exact DE converts the DE to exact DE.
Example:

1) y_12 is an integrating factor of ydx — xdy = 0

2 i is an integrating factor of x2dy — xydx = 0

2.3.3 Methods of Writing the Integrating Factors (L.F.)

(i) If M(x, y)dx + N(x, y)dy = 0 is a homogeneous DE, then I.F. = (Mx + Ny # 0)

Mx+Ny'

1
(if) If Mdx + Ndy = 0 is of the form yf (xy)dx + xg(xy)dy = 0 then |.F. = —y (Mx — Ny #0)

Mx—N
(i) Fora DE, Mdx + Ndy = 0, If%(i—lz - Z—:) = f(x), then e/ F®)ax s the integrating factor.
(iv) Forthe DE, Mdx + Ndy = 0, if%(g—: - ‘;—1:) = g(y) then e/ 9P s the integrating factor.

2.3.4 Leibnitz Linear Equation

The DE of the form % + Py = Q, where P, Q are functions of x alone, is called Leibnitz Linear Equation

Integrating factor of the equation is e/ P4x
Solution of the Differential Equation is : y.e/ P4 = [ Q. (e/P*) dx+ C, where C is arbitrary constant.

2.3.5. Non-linear Equations Convertible to Leibnitz Linear Form

%+Py=Q.y",(n>1,n¢1)

(P, Q are functions of x alone)
ldy 1 p, Q"

yn dx yn yn
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= y—n.z_z+y1—nP:Q
Let yl—n =z
= % + (1 —n)Pz=(1-n)Q [Leibnitz Linear Equation]

2.3.6 Applications of 1st order DE

The rate of change of temperature of a body placed in an ambience of temperature T. is directional proportional to the

temperature difference between the body and the ambience.

‘;—: o« —(T — T,) where T, — Ambient Temperature (T > T..)

dar
E x (Too - T)

daT
=K -T)

The rate of growth/decay on any radioactive substance at any instant is directly proportional to concentration of the substance
that is available at that instant.

dN

. EOCN — For growth
= @ _kN
dt

= [+dN = [Kdt

e x_N - For decay

a dN
— = —KN
dt

= log,N=Kt+C

= N =eKtC

2.4 Higher Order Differential Equations

The general form of Higher order Differential Equations is given by

n-2
Y Ky =X (1)

dny dn—ly
K, —an K, R K5 Tz T
e IfKy, Ky, Kz, Ky, ....Ky, Xare functions of x alone then (1) is called Linear Higher Order Linear DE with variable coefficients.
e If Ky, Ky, K3, Ky, ....Ky are constants and X is a function of ‘x” alone, then (1) is called Higher Order Linear DE with constant
coefficients.

2.5 Higher Order Linear Differential Equations with Constant Coefficients

d'y dn1ly dn 2y . . . . . ..
The DE K; —ant K, T T K;—=+....4+K,y = X .... (1) is said to be a higher order linear DE with constant coefficients

dxn—Z
if Ki, Kz, K3, Ky, ....K; are constants and ‘X’ is a function of X alone.
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If X =0, then (1) is called Homogeneous DE

If X =0, then (1) is called Non-Homogeneous DE.

2.5.1 Solution of Higher Order Linear Differential Equation
Y=yc+yp
y. — Complimentary function; y, — Particular Integral

(Solution of homogeneous part; (X = 0); (Solution of Non-Homogeneous Part; (X = 0))

n-1
If K1 'y —+ Kz prpor Y4 K, + K,y = X .... (1) is a linear DE with constant coefficients.

1

2.5.2 Rules for Writing the Complete Solution of (f(D))y = X:
(i) Form the auxiliary equation of (f(D))y = X i.e. f(M) =0
(ii) Depending on the roots of the auxiliary equation (f(M) = 0), we write the complimentary function.

(iii) Calculate the Particular Integral, yp = (f(D))

(iv) Write the total solution of the equation y = y; + yp.
2.5.3 Rules for Writing the Complementary Function
(i) Iftheroots of f(M) = 0 are My, M,, M5, .... (M1, My, M3, ... € Rational)
Then yo = CreM* + C,eM2* + C;eM3*+..... where Cq, Cy, Cs,.... Are arbitrary constants)
(if) If the roots of f(M) = 0 are My, My, M5...... (M3, Ms...... € Rational)
Then y. = (Cyx + Cy)eM* + C5.eMs%+. ... Where C4, Cy, Cs, .... are arbitrary constants).
(iii) If the roots of f(M) = 0 are My, My, My, M,....(Where eM, M,..... € Rational)
Then y. = (C;x? + Cox + C3)eM* + CpeMa¥+. ... (where C4, Cy, Cs ... Are arbitrary constants)

(iv) If the roots of f(M) = 0 are a + i, a — i, M3, M,.....then, y. = e**(C; cos f x + C, sin B x) + Cze™3* +
CoeMe*+. ...

(v) Iftherootsof f(M) =0area +if,a —if,a +if,a —if, Ms, M, .... then
Ve = e ((Cix + Cy) cos B x + (C3x + Cy) sin B x) + CseMs* + CeeMe¥+.....

(vi) If the roots of f(M) =0 are a + \/_, a— \/E, Mz, My, .... then y, = e%{C; sinh \/Ex + G, cosh\/ﬁx} + CzeMs* +
CoeMe* ...

(vii) If the roots of f(M) = 0 are a + \/_,a - \/E,a + \/_,a - \/E, Ms, Mg, ... then y. = e%*{(C,x + C;) sinh \/Ex +
(C3x + Cy) cosh /B x} + CseMs* + Cg.eMe¥+....

2.5.4 Rules for writing the Particular Integral

() IfX = e,
_ 1 ax _ aX
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1

If f(a) =0,theny, = x e (if f'(a) # 0)

fr(a)
If f'(a) =0, theny, = leﬁeax (if f"(a) # 0) and so on.
dz_y_ d_y — 52X
Solve  —=—5-"+6y=e

Sol. Aux.Eqn > M2 -5M+6=0=>M = 2,3
yc = C162x+Cze3x

— 1 2x of —
Yp = iepre € Since f(2)=0

_ 2x _ 1 2%
= =X =X. e
Yp =X 50 s 22)-5)
X
_—1e2x = —x.e?*

(ii) If X = sin(ax + b) (or) cos(ax + b)
=1 &
Y =20y sin(ax + b)
Replace D? by —a? in f(D)
If the denominator is the form cD + d then rationalize the denominator and replace D? by —a?

d?%y dy .
Solve e SE + 6y = sin(2x + 3)

2

1 s
yp = m . sm(Zx + 3)
a=2 =>—-a’=—-4
1 .
= W= ore sin(2x + 3)

_ 1 245D
Yo = 3750 * 245D

.sin(2x + 3)

245D
Yo = 3 2sp2

245D
4-25(—4)

sin(2x + 3)= sin(2x + 3) = 1—(1)4 (2.sin(2x + 3) + 10.cos(2x + 3))

(i) If X =x™

_ 1 om
T

= yp=[f(D)] ™
d?%y dy
Calculate yp for the DE — — 5-=+ 6y = x?

1 2
= X
D2-5D+6

Yp

1 2

(@Z2)
-1 () v
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(- (20) 4 (252) - (252) o e

1
6

=~ 1(2- 520) + 2 25(2)]

= -4 — 4 —
6 18 18 108
1 5x 19
=oxtP =+ —
6 18 108

(iv) If X = eV, then

1 1
LX) = gax

YP = o) v

2.6 Euler Cauchy Equation (Higher order linear DE with Variable Coefficients)

n-2

n n—1
The DE of the form x”f;c—i+1(1-x"‘1-d Y 4K, xn2.

dxn—1 dxn—2

+..... +Kp1-x- Z—i’ + K,y =X Where

K1, K5, K3, .... K, are constants is called Euler-Cauchy Equation

2.6.1 Procedure to solve Euler Cauchy Equations

n-1 n-2

i
+ K, x"2 =

d™y _1d
n n-1
Letx™ 5 + Kyx™ ™ ———

n n—1 n-2
(xnd_+K1xn_1 d +K2 xn—2dx_+ ..... +Kn_1xix+Kn)y:X

dxn dxn-1
— pZ —
Letx =e? = z=log.x
d _d

x—-===D

e (e 1) =001

x? L= D(D ~ 1)(D —2) and s0, on

1) ={DO-1)D-2)....... D-m-1)+KDD—-1)D=2)....(D—(n—2))+.....K,_D + K}y =X
Where D = =

= (f(D))y = z — Higher order linear DE with constant

f(D) — Polynomial in terms of D with constant coefficients.

(2) If the differential equation is of form

. dn—l d
3/]+k1(ax+b)n 1£dxn_¥j+...+kn_l(ax+b) (d—O+kny= f(x)

n

(ax+b)n(jx

ie., [(ax+b)” D" +k (ax+b)" D" +....+kn,1(ax+b)D+kn]y: f (x)

where, f(x) is a function of X’.
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It can be reduced to linear differential equations with constant coefficients, by putting (ax +b) =e*

Orz=log (ax + b)
Then, (ax + b) Dy = aDy

(ax+b)* D%y =a?D; (D, ~1)y
(ax+b)’ D’y =a°Dy (D, ~1)(Dy - 2)y

d d
ere, 5 &N D, -

Qad
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VECTOR CALCULUS

3.1 Basics of Vectors

1. Equality of Vectors: If two vectors have equal length and same direction then they are equal.

2. Vector between two points P, Q : Initial point P : (X, Y1,% ) and terminal point Q:(X,, 5,2, ) the three numbers,

(@) =Xy —X,8 =Yy~ V1,83 =Zp —Z;: are called the components of the vector a with respect to that coordinate system,

and we write simply a=[ay,ay,83].

(b) |a|=+al+a3+a}

(c) Position vector: The vector with origin as start point and A (x, y, z) as end point.
3. Vector addition and multiplication:

(a) Addition of vector:
a+b of two vector a=[ay,ay,33] and b=[by,b,,b;]
=  a+b=[a +b,a +by,a+b;]

(b) Vector addition is commutative i.e., d+b=b+a

(c) Vector addition is associative i.e., (a+5)+é = §+(5+ C)

|

4. Unit vector : Unit vector along A:m, this vector is in direction of A but has unit magnitude

Note :  Length and Direction of Vectors
Any vector & may be written as a product of its length and direction as follows :

: a . : o
Here |al is the length of vector and — is a unit vector in direction of “ & .

i
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3.2 Vector Product / Cross Product

If @ and b are two vectors, then the cross product of the two vectors is denoted by a x b and it is given by a x b= lal - |b| .
sin@ -

N

a
Fig. 3.1. Cross product
i — unit vector passes through the intersection point of intersection of a and b and lies perpendicular to the plane
containing @ and b.

~

~ = ~ - ’i j k
If (_i = ali+a2j+a3k andb = b1i+b2j+b3k,then,aXb = la, a; as
by b, bs

Note :

e  Area of rectangle or parallelogram =‘5x5‘

W
o

e If a,b,C are the vectors then, volume of parallelepiped :‘ [é,B,EN =d- (b x &) = [ab]

3.3 Dot / Scalar Product:

(i) Ifaand b are two vectors, then the dot /scalar product of the two vectors is denoted by . b and it is given by d. b
|b| - cos 6 where 6is the angle between the vectors @ and b.
[ Note: |

I
=
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@-B)| +|axb| =al?-|b| .cos?6 + a2 -|B| - sin20 = |a|? - |b|
If(_i = a1i+ a2j+ a3i€
b = byl + byf + b3k

a, b ¢
¢=cii+cj+cskthend - (b x ¢) = [dbc] = [@b¢] =|a, b, ¢,
az by c3
(i) ab=al +ah, +a,
(i) If ab= 0, then the two vectors are orthogonal
(iv) Properties of dot product:
@) (a:+6 ).e =dc+be (Distributive)
(b) ab=ba (Symmetry)
(c) aa=o (Positive-definiteness)
(d aa=o0ifandonlyifa=0
(e) ‘3.5‘ < |a|\6\ (Schwarz inequality)
() ‘3+5‘ s|a’|+‘6‘ (Triangle inequality)

(9) ‘a + 5‘2 + ‘3 - 5‘2 = 2(|a‘|2 + ‘5‘2 (Parallelogram equality)

N—

B
{

o

(v) Projection of vector A on B is{ : .B}

3.4 Scalar/ Vector triple product

e a(bxc)=b(cxa)=c(axb)

« [abc|=-[bac|=-[cba)=-[ach]
o a(bxC) = volume of parallelepiped created by &b,C.

e If a(bxC)=0 then the three vectors are coplanar

e If a(bxC)=0 then the three vectors are linearly dependent.

axbxc=b.(ac)-c(ab)
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3.5 Differentiation of Vector Point functions

If R(¢) is a vector point function, then the derivative of R (t) is given by
dR(t) _ lim R(t+At)—R(t)

dt At—0 At
If B©) = (0 1+ (0 ] then 22 = ()i + g'(0)]
Example:
If R(t) = sinti+costj= (t) =costi—sint]
Y A
B R(1 + A1)
R(t + Ar) dR(t)
A
R(r)
0 x
Fig. 3.2

3.5.1. Differentiation of Product of two vectors

2w bw)=dw- "”’(” %.E(t)

db(t) da(t)

%(&(t) x B(t)) a(t) x 20 x b(t)

If F(¢) is a vector point function with constant magnitude, then F(¢) - %ﬁ(t) = 0.

If F(t) is a vector point function with constant direction, then F (¢) x %ﬁ(t) =0.

3.6 Dell operator

The Vector operator i? + %f + a% k is called the differential operator in vector and it is denoted as Del (or) V

3.6.1 Gradient of a Scalar Point function:
If ¢(x,y,z) isa Scalar Point function, then the gradient (change) of ¢(x,y, z) is denoted by grad ¢(or)V¢ and it is given
by
_ (0> i _99,, 99 7 6q>
Vo = (axl + dy )¢ ay k

Vp 2y 20
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Note:  If F(x,y,z) is an irrotational vector field (V x F = 0), then definitely there exists a scalar point function
@(x,y, z) such that F(x,y, z) = grad @.

If ¢(x,y,2) = cisalevel surface then Vep|p(y, ,.2,) 9ives the gradient of ¢ (x, y, z) at Point" P ",

Volp 1= j(% P)z + (g P)Z + (2 P)Z.

Outward Normal Vector

o(x,y.z)=c

Fig. 3.3
— V|, gives the change of ¢ (x, y, z) in the direction Normal to the surface ¢ (x,y,z) = c at P(X, Y, z).

Note:
e  Angle between two surfaces:

Let f(X, y,Z):Cl and g(XY, Z)=C2 and be two surfaces and ‘0’ be the angle between them, then
_ Vi.vg
[Vf[|Vg

e  The directional derivative of f(X,Y,z) is maximum in the direction of Vf.
¢ Maximum value of directional derivative f(x,Y,z)=|Vf|.

e  Gradient of a scalar field is normal to the surface given by scalar field.

e If any vector A= Gradient of scalar field f(x,y,z), then f(x,V,z) is called potential of A. Vector A is called
conservative field.

3.7 Directional Derivative:

If ¢(x,y,2z) = cis alevel surface, then the derivative of ¢(x, y, z) at Point ' P " in the direction of d is called Directional
Derivative of ¢ (x, v, z) in the direction of a.
It is given by

Direction Derivative = V¢|, - a
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=V |p ‘ : ‘V¢| ‘ a- C‘Os‘e ‘v¢|p.cose‘

The directional Derivative of ¢(x, y, z) at P in the direction of d is

b(x,y.z)=c
Fig. 3.4

Directional derivative
= |V¢|, |- cos 8 where ' 6 ' is the angle between V¢ |, and d.

For Directional derivative to be maximum cos8 =1 = 6 = 0°
= The change of ¢ (x,y, z) at Point* P ' is Maximum in the direction of Normal to ¢(x, y, )

Maximum Change of ¢(x,y,z) at 'p’ = |Ve|,|

3.8. Del operated-on Vector Point functions

If Del is a differential operator and F(x, v, z) is a vector Point function then the Del operator is operated on F(x, v, z) in two

Ways.
(i) V-F— Divergence

(i) v x F—Curl

If F(x,y,z) is a Vector Point function, then the divergence of F(x,y,z) is denoted by div F(or)V - F and for any

F(x, v.z) = EI+ Ej+F k the divergence is given by
di ﬁ—(a*+a*+ak) (Ei+Ej+FEk)= aF+6Fy+aFZ
V= Ty T oz xt Ty - ay ' oz

If div - F = 0, then F(x, y, z) is called a Solenoidal (or) Incompressible flow Vector.

If F(x,y,2) is a Vector Point function, then the curl of F(x,y,z) is denoted by Curl F(or)V x F and for any
F(x,y,z) = F,i+ Ej+F k, the curl of F (x, y, )is given by

curlﬁ=|7xﬁ=(%?+%f+ai) (Ei+Fj+FEk)=

1 R~
e
R &
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If curl ¥ = 0: then F is called Irrotational Flow Vector.

Note :  Geometric interpretation of divergence:

Divergence (div) is the amount of flux per unit volume entering or leaving.

(i) V.F>0 atpoint P, then P is source.

When the divergence is positive it gives the rate at which fluid is flowing away from the point per unit volume.

(i) V.F <0 atpoint P, then P is sink.

When the divergence is negative it gives the rate at which fluid is flowing towards the point per unit volume.

(iii) V.F=0 at point P, then P is neither source or sink.

If ¢(x,y,2) and F (x,y, z) are a scalar point function and a vector point function respectively, then
(a) curl (grad ¢)=0
(b) div(curl F) = 0

2¢ 62¢ 62¢ |72¢

. _99 09 0¢_
(c) div(grad¢) =——+ ayz Yoz =

Note : Curl measures the rotatory effects of the vector field.
(i) Ifcurl F> 0 rotation is anticlockwise direction.
(if) If curl F <0 rotation is clockwise direction.

(iii) If there is no rotation of fluid anywhere then, V x F =0. Such a vector field is said to be irrotational or conservative.

(iv) Angular velocity o= %curlv

If p1(x,y,2) = c; &p,(x,y,2) = c, are two surfaces intersecting at ‘P’, then the angle of Intersection ‘0’ is given by

V¢1|p'7¢2|p

cos@ = —————
711yl Vh2lp]

3.9 Vector Integration:

3.9.1 Line Integrals

If F(x, y,z) = EI+FEj+ FZE is a continuous & differentiable Vector Point function at every point along the path C, then the
Integral of F (x,y,z) from Point ‘A’ to point ‘B’ along a path is given by ffc F.ar
where 7 = x7 + yj + zk.

B B
f Fodi = j (F+ FyJ + ER) - (dx + dy] + dzk)
AC AC
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F(x,,2)

Fig. 3.5. Line Integral

= d - - - - - = -2, B — - -
If F(x,y,z) is an Irrotational Vector Point Function, (i.e., Curl F = 0), then J.A F -dris independent of the path between

points A and B.
If ﬁ(x, y,z) is an Irrotational VVector Point Function, then

Bz . (B , 5
J, F-di=[ V¢-di whereF =V¢

=¢lp — ¢la
3.9.2 Surface Integral

If F (x,y,2) =EI+FEj+F K is a continuous & differentiable Vector Point function at every point on a surface ‘S’, then

the surface integral of F (x,y, z) on the surface ‘S’ is given by fSF -ds

Where d§ = ds. 7 and 7 is the outward unit normal vector to the surface at ds and
ds = Ly _ rdz _ gz
[Ak| |7y [7.g]

3.9.3 Volume Integral

If F(x, y.z) = BEI+ Ej+F k is a continuous & differentiable Vector Point function at every point over a volume V, then

the volume integral of F(x, v, z) on the volume V’ is given by fV F - dv.

3.9.4 Greens Theorem: (Connects closed line Integral to surface Integral)

If F(x,y) = Fl+ F,j and if the first order derivatives of F,,& F, are continuous at every point with in a region ‘R’ bounded

by a closed path ‘C’, then
S oF, O0F,
5£Fdr—-<£ dx + F,dy = _U E__ dxdy

aN aM
jg(de+Ndy)—ﬂ. —_——— dxdy

3.9.5 Gauss - Divergence Theorem: (Connects closed surface integral to a Volume Integral)

If ‘S’ is a closed surface enclosing a volume ‘V’ and F is continuous and differentiable at every point on the closed surface
‘S’, then the closed surface integral ¢, F.d§ = JIf, div F.dv

3.9.6 Stokes Theorem: (Connect Closed line integral to surface Integral)

If F is continuous and differentiable at every point with in a region ‘R’ (on a surface S) bounded by a closed path ‘C’,
then 4, Fd7 = JI curl F.dS
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3.10 Properties of Position Vector

Position vector of a point (X, y, z) in space = XI + yj +2K.

Length: r =«fx2 + y2 +72

Results :

@ O)Tx (ii)%% (i 2 - 2

(b) grad(r):Vrzg
(c) div(r)=v.r=3

d) curl(r)=Vxr=0
(e) Vi(r)y=f'(r)vr

(® |F|=r"ifandonlyif F=r""r
() V.(r”r)zo ifn=-3
QoaQ
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LINEAR ALGEBRA

4.1. Matrix

An array of elements in horizontal lines (Rows) and Vertical Lines (Columns) is called a Matrix.
n d i a]

Example: A=[;.
a p a n

4.1.1 Size of Matrix

If a matrix has 'm’' rows and 'n' columns, then we say that the size of the matrix is m x n (read as m by n)

a11 a12 a13 ......... aln
a21 a22 a23 --------- aZn

A=]| . : . ;A=[aij]mxn suchthat1 <i<m,1<j<n anda;; = f(i,))
Am1 Amz Apgeeenseees Amn

4.1.2 Addition of Matrices:

(i) Two matrices A = [aij]mxn &B = [bij]pxqcan be added only ifm=p & n=q.

(if) Matrix Addition is commutative (A +B =B + A)
(iii) Matrix Addition is Associative. A+ (B+C)=(A+B)+C

(iv) Existence of additive identity : If O be m x n matrix each of whose elements are zero. Then, A+ O = A= 0 + A for every
m x n matrix A.

(v) Existence of additive inverse : Let A:[aij ]mxn then the negative of matrix A is defined as matrix I:_aij]mxn and is
denoted by —A.
= Matrix —A is additive inverse of A. Because (-A) + A=0 = A + (-A). Here O is null matrix of order m x n.
(vi) Cancellation laws holds good in case of addition of matrices, which is X = —-A.
= A+X=B+X=A=B
= X+A=X+B=A=B
(vii) The equation A + X =0 has a unique solution in the set of all m x n matrices.
4.1.3 Multiplication of Matrices:
The multiplication of two matrices A = [aij]mxn and B = [bif]qu (= AByxq) is feasible only if n = P.

Amxn Bqu =C
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[A11 Q12 Qi3 bi1 by
az1 Gz Q3 B =|by;1 by Azxz X Bsxa
3x3

[d31 A3z 0433 b3y b3, 3x2

[A11-b11 + @12 - byy + ay3.b31  Aq1b13 + Aq3ba; + aq3b3;
= | @z1.b11 + Qzp.by1 + Az3.b31  az1b15 + ag3by; + agsbs;
laz1.b11 + A3 - byy + a3z - b3y Azibiy + azzbyy + azzbzals,,

4.1.4 Properties of Multiplication of Matrices:

(i) Matrix Multiplication Need not be commutative.

(i) Matrix Multiplication is Associative (A(BC)) = ((AB)C)

(iii) Matrix Multiplication is distributive A(B + C) = (AB + AC)

(iv) The product of two Matrices Ay, xn, Bpxq (i.€. ABpxq) Can be a zero matrix even if A # 0&B # O.

0 0

Example:Az[g 8];B=[8 2]=>AB:[0 0

e For the multiplication of two matrices A,,x, & Byxq
(i) The No. of Multiplications required =mn g

(if) The number of Additions required =m (n -1) q

4.2 Types of Matrices:

(1) Upper triangular Matrix: A matrix A = [al-j]; 1 <i,j < nissaid to be an upper triangular matrix if
a; =0vVi>j

(2) Lower Triangular Matrix: A matrix A = [aij]nxn; 1 <i,j < nis said to be a lower Triangular Matrix
ifa;=0vi<j

(3) Diagonal Matrix: A matrix A = [aij],v 1<1i,j < nissaid to be a diagonal matrix if a;; = 0 Vi # j

d, 0 0
Example: A=|0 d, 0| The diagonal Matrix is also denoted as A = diag [d,, d,, d5]
0 0 dj
: : - . K;i=j
(4) Scalar Matrix: A Matrix 'A' = [aij] ; 1 <i,j <n issaid to be a scalar Matrix if a;; = {Oll ¢§.

If K =1, then A — Identity Matrix,
If K=0, then A — Null Matrix.
(5) Idempotent Matrix:

A Matrix 'A,,»,," is said to be an idempotent matrix if A% = A.

Example: A = [142 :é]
=A-4= [142 ::ﬂ [142 ::i - [142 :ﬁ] =4
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(6) Nilpotent Matrix: A matrix A is said to be nilpotent of class x or index if A*=0and A* * # 0 i.e. x is the smallest index
which makes A* = 0.

1 1 3
Example: Thematrix A= | 5 2 6 | is nilpotent class 3, since A = 0 and A? = 0, but A*>=0.
-2 -1 -3

(7) Orthogonal Matrix: A matrix A is said to be orthogonal if A. AT =1

cosf —sinf
sinf cos@ |

Example: [
(8) Involutory Matrix: A matrix A is said to be involutory if A2 =1

Example: [_21 _32]

4.3 Transpose of a Matrix:

For a given matrix = [a;;]; 1 <i<m,1<j <n, we can say that 'B' where B = [b;;], i<i<n i<j<m is the
transpose of the Matrix ‘A" if a;; = bj;

4.3.1 Properties of Transpose of a Matrix:
(i) AN"=4
(i) (AB)T =BT - AT
(iii) (KA)T = KAT where 'K' is a scalar.

4.4 Conjugate of a matrix

The matrix obtained by replacing each element of matrix by its complex conjugate.

4.4.1 Properties of conjugate matrix
@ (A)=A (b) (A+B)=A+B

© (KA=KA (d) (AB)=AB

() A=A if Aisreal matrix

A=—A if Ais purely imaginary matrix

4.5 Transposed Conjugate of a Matrix

The transpose of conjugate of a matrix is called transposed conjugate. It is represented by A®.
@ (A=A () (A+B)?=pA%+B"

(©) (KA)®= KA® (K : Complex number) @ (AB)?=B%A°

4.6 Trace of a Matrix

Trace is simply sum of all diagonal elements of a matrix.
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4.6.1 Properties of Trace of a matrix

Let A and B be two square matrices of order ny and X is scalar then
1. Tr(AA)=ATr (A)

2. Tr(A+B)=Tr(A)+Tr(B)

3. Tr(AB)=Tr(BA) [If both AB and BA are defined]

4.7. Type of Real Matrix

(@) Symmetric matrix : (A)" = A
(b) Skew symmetric matrix : (A7) = -A
(c) Orthogonal matrix : (AT =A?, AAT =)

Note :  (a) If A and B are symmetric, then (A + B) and (A — B) are also symmetric.
(b) For any matrix AAT is always symmetric.

T

-
(c) For any matrix, (A“L e

J is symmetric and ( ] is skew symmetric.

(d) For orthogonal matrices, |A|=+1

. . . . _ +AT A=A
(e) We can write any matrix A as a sum of symmetric and skew symmetric matrix A= > + >

4.8. Type of complex matrix

(@) Hermitian matrix : (A% = A)
(b) Skew-Hermitian matrix: A® = —A
(c) Unitary matrix : (A° =A™, AA® =)

A+ A% . A— AP
> is Hermitian and

Note: (a) is skew Hermitian matrix.

A+AY A—pf
+
2 2

(b) We can write any matrix as a sum of Hermitian and skew Hermitian matrix A=

4.9. Determinant

The summation of the product of elements of a row(or) column of a matrix with their corresponding Co-factors.
A-adj(A) = |A| -1

Determinant can be calculated only if matrix is a square matrix.

Suppose, we need to calculate a 3 x 3 determinant,

3 3 3
A= ajcof (aj) = Y apjcof (ay;) = Y ag;cof (a3;)

1= 1= 1=

We can calculate determinant along any row or column of the matrix.
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Properties of Determinants
If 'A' is a Square Matrix of size ' n x n ' and 'k’ is a Scalar then

|K 'Anxnl =K"- |An><n|

(i) |adj(4)| = |A|®™D
(i) |adj(adj(D)| = (14D’
(iv) |AB| = |A|-|B]
(v) 1AB)"|=|B"|-|A"|
(vi) If two rows (or) two columns of a determinant are interchanged, then the determinant changes its sign.
(vii) The determinant of an upper triangular Matrix/a lower triangular Matrix/a diagonal Matrix is the product of the
principal diagonal elements of the Matrix.
(viii) The determinant of Every Skew-Symmetric Matrix of odd order (Anxn)(’n"is odd) is zero.
(ix) The determinant of an orthogonal Matrix 4,5, is +1
(X)  The determinant of an Idempotent Matrix is either 0 (or) 1.
(xi)  The determinant of an Involuntary Matrix is +1
(xii) The determinant of a Nilpotent Matrix is always zero.
(xiii) If the product of two Non-zero Matrices A, x,, # 0; Byxn # 0 is a zero Matrix ((AB),,xn = 0), then both [A] =0 &
|B| = 0.
(xiv) If two rows (or) two columns of a Matrix are either equal or Proportional, then the determinant of the Matrix is equal to
zero.
(xv) The number of terms in the general expansion of an 'n x n' determinant is n!
(xvi)  Value of the determinant is invariant under row and column interchange i.e., ‘AT ‘ =|A
(xvii) If any row or column is completely zero, then |A| = 0.
(xviii) If any single row or column of the matrix is multiplied by k then the determinant the of new matrix = K|A|
(xix)  In a determinant the sum of the product of the element of any row or column with its cofactor gives a determinant of
the matrix.
(xx)  In determinant the sum of the product of the element of any row or column with a cofactor of another row or column
will give zero.
(xxi)  |AB| = |A| x |B|
. . , . . Ri=Ri+KR;
(xxii) Elementary operations don’t effect the determinant thatis A——————>B then |A| = |B|
Ci=C;+KC;
A—""""1 SB then |A| = |B|
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4.10. Minors, Cofactor and Adjoint of a Matrix

Minor of an element is equal to the determinant of the remaining elements of the matrix, after excluding the row and column
containing the particular element. The cofactor of an element can be calculated from the minor of the element. The cofactor of
an element is equal to the product of the minor of the element, and -1 to the power of position values of row and column of the
element.

Cofactor of an Element =(~1)"") x Minor of an Element

Here i and j are the positional values of the row and column of the element.
Example :
%1 2 3
|f AZ 321 322 323

d3; dz ds3

: a, a
Minor of element a,;: My =| 2 13

83 83
Co-factor of an element, a; =(-1)"" M;;

e To design co-factor matrix, we replace each element by its co-factor.
e Adjoint of a matrix = transpose of cofactor matrix

i Adi(A)
Al

4.11 Inverse of a matrix

Inverse of a matrix only exists for square matrices.

(A‘l)— AG(A) and |A| =0

A

@@ AAl=ATA=]

() (AB)l=B7lAl

¢ (ABC)t=c7BlAl

(@ (A=A

(e) The inverse of 2 x 2 matrix should be remembered,
{a bT_ 1 {d —b}
c d (ad—bc)| ¢ a

(i) Interchange the diagonal elements and put negative sign on the rest.

(ii) Divide by determinant.
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4.12. Rank of a Matrix

*  The rank of the matrix refers to the number of linearly independent rows or columns in the matrix. p(A) is used to denote
the rank of matrix A.

« A matrix is said to be of rank zero when all of its elements become zero.
»  The rank of the matrix is the dimension of the vector space obtained by its columns.
«  The rank of a matrix cannot exceed more than the number of its rows or columns. The rank of the null matrix is zero.

»  The nullity of a matrix is defined as the number of vectors present in the null space of a given matrix. In other words, it
can be defined as the dimension of the null space of matrix A called the nullity of A. Rank + Nullity is the number of all
columns in matrix A.

A real Number 'r' is said to be the rank of a matrix 'A,,,«,,' if
(1) There is at least one square sub-matrix of A of order r whose determinant is not equal to zero.

(2) If the matrix A contains any square sub-matrix of order (r + 1) and above, then the determinant of such a matrix
should be zero.

It is mathematically denoted by p(A) =r
4.12.1 Properties of Rank of a Matrix:
) p(Amxn) < (m,n)
(i) p(AB) < min{p(A),p(B)}
(i) Rank of transpose of matrix is equal to rank of matrix
(iv) Elementary operations do-not affect the rank the matrix
V)  pA+B)= {p(4)+p(B)}

4.12.2 Row Echelon Form
A Matrix A, is said to be in row-echelon form if

(i) Number of zeroes before the 1% Non-zero element in any row is less than the number of such zeroes in its succeeding row.
(ii) Zero rows (if any) should lie at the bottom of the Matrix.

p(Amxn) = Number of non-zero rows in the Row-Echelon form of A.

4.13 System of Equations:

The given system of equations
A11X1 + A12X12 + Q13%3 = by
Az1%1 + QX + Ag3X3 = b,y
az1X1 + AzpX; + azzxz = bs

can be written in Matrix form as
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(11 Q12 d13] [*1 by
A1 Qzp Q3| |X2]| = |b,
[A31 A3z A33]lX3 b
ai; Q12 A13]||[*1 by
Xo || = b2
az1 a3z dzzl||lX3 bs
JAX =B

az1 Qzp dzz
Coefficient Variable Constants

Matrix Matrix Matrix

The system Ax = B is said to be a homogeneous system if B = 0.

The system of Ax = B is said to be a non-homogeneous system if B # 0.

4.13.1 Consistency of a non-homogeneous system of Equations:

a;; Az a3 by
For the above system of non — homogeneous equations, Ax = B; Augmented Matrix = [A/B] = (az1 az; az3 by
az; dzz asz bs

(i) If p(A) = p(A/B) = Number of unknowns, then the system Ax = B has a unique solution.
(i) 1f p(4) = p(A/B) < Number of unknowns, then the system has infinitely many solutions.
(iii) If p(A) # p(A/B), then the system has no solution.

Number of linearly independent solutions for a system of 'n' equations given by Ax =B isn — p(4)
4.13.2 Consistency of Homogeneous System of Equations:

a1 X t+appy+aizz=0

Ay1X + Apy + ap32 =0

az1x + az;y +az3z=0

a;1 Q2 a3 0
Ax=0>

[A/B] _!a21 Az, azz 0
as; asz; azz 0

aj; Q12 Ag3
a1 Az dAz3 []

asz1 Q432 dass

If p(4) = p(A/B) = n (i.e |A| # 0); the system has a unique solution.
(Trivial solution; x=0,y=0,z=0)
If p(A) = p(A/B) < n(|A] = 0); the system has infinitely many solutions (Non-trivial solution exists for the system).

4.14 Linear Combination of Vectors:

If xq,%5,%3,...... ,X, are 'n' rows vectors, then the combination kqyx; + kyxy + kgxs+..... +k,x, is called a linear
combination of xq, x,,...., x,(kq, k3, ks, ..... k,, are scalars)

(1) The linear combination kqx; + kyx, + kaxsz+..... +k,x,is said to be linearly dependent if k;x; + kyx, +
k3xs+..... +kpx, = 0when kq, ky, ks, ..... ,kn (NOT All zeroes).
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Ifx; =[a; by cil;xylay by c3];x3 =[as bz c3], then the vectors x4, x,, xsare said to be linearly dependent if

a; by
az bz CZ == 0
az bs ¢
(2) The combination kyx; + kyx,+...... +k,x,1s said to be linearly independent if kqyx; + kyxo+........ +k,x, = 0 when
kl = kz = k3 —ieas kTL = O

4.14.1 Eigen Values and Eigen Vectors

For any square Matrix A,,»,, the equation |A — AI| = 0 where "\" is a scalar is called the characteristic equation.
The roots of the characteristic equation of a Matrix are called Eigen Values.

4.14.2 Properties of Eigen Values

(i) 1A, 43, ... , Anare 'n" Eigen Values of 4,,.,,, then

(@ Sum of Eigen Values of 'A'=A; + A, + A3+....+1,, = X1-; A; = trace(A) = Sum of Principal diagonal elements

(b) Product of all the Eigen Values of 'A'=4; -4, - A5 -...... A =T11 A = |4]
(c) Eigen Values of A™ are AT, A%}, A%,...... AR

. . |A] |A] |4] 4]
(d) Eigen Values of adj(A) are SR AL i

(e) Eigen Values of A & AT are the same.
(f) Eigen Values of k1A + k,I (Where k,and k,are scalar) are
kidy + ko, kidy + ko, kiAs + Ky kydy + koo ki, +k,
(ii) '0"is always an Eigen Value of an odd-order Skew-Symmetric Matrix.
(iii) Eigen Values of a Real Symmetric Matrix are always real.
(iv) Eigen Values of the Skew-Symmetric Matrix are either zero (or) purely Imaginary.
(v) The Eigen values of an Orthogonal Matrix are of unit modulus.

(vi) If the sum of all the elements in a row (or Column) is constant (= k) for all the rows (or columns) in the matrix

respectively, then 'k' is an Eigen Value of the Matrix.

ap by o
Example: IfA = a; b2 Czl and ifa1+b1+cl=a2+b2+C2=a3+b3+C3=k,
az bz c3

then 'k' is an Eigen Value of 'A'.

(vii) The Eigen Values of an upper triangular Matrix, a lower triangular Matrix, a diagonal Matrix are the Principal diagonal

elements of the Matrix.
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4.15. Eigen Vector

A non-zero column vector X,,,, is said to be an Eigen Vector of A,,,,, corresponding to the Eigen Value "\,
if AX = AX(X # 0).

4.15.1 Properties of Eigen Vectors:

(i) Eigen Vectors of A & AT are not the same.

(i) Eigen Vectors of A & AM are same.

(iii) The Eigen Vectors of a Real Symmetric Matrix are always orthogonal.

(iv) The number of linearly independent Eigen Vectors of 'A,,,," is equal to the number of distinct Eigen Values of '4,, .., ".

4.15.2 Cayley Hamilton Theorem:

Every Matrix satisfies its characteristic equation.
This means that, if CyA" +c;l7f1 +...4+C,4A +C, =0is the characteristic equation of a square matrix A of order n, then

CA"+C A" +. . +c,, A+c, =0  ..(i)

Note:  When A is replaced by A in the characteristic equation, the constant term c, should be replaced by c,l to get the result

of the Cayley-Hamilton theorem, where I is the unit matrix of order n.

Also, 0 in the R.H.S. of (i) is a null matrix of order n.

4.16. Subspace (Basis of Dimensions)

4.16.1 Vector

An ordered n-tuple of numbers is called an n-vector.

4.16.2 Linearly Independent and Dependent Vector

Let Xy and X> be the non-zero vectors:

e {X1, Xo, ...., xx} are linearly independent if rixs + r2xo + ... t e Xk =0only forri=rp= ... + e = 0.

e The vectors xi, I, ...., Xk = are linearly dependent if they are not linearly independent; that is, if there exist scalars r, r2,
..., Ix which are not all zero such that

rXg+rXo+....+exe=0

Note:  Let Xy, Xa....... Xn be ‘n’ vector of matrix A.
» Ifrank (A) = number of vectors then vector X1, X».....X, are linearly independent.

» Ifrank (A) # number of vectors then vector Xz, X> ..... X are linearly dependent.
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4.16.3 Vector Space Rm:

If n positive integer, then an ordered n-tuple is a sequence of n real numbers (a1, az,.... on). the set of all ordered n-tuples is
called n-space and is denoted by R".

4.16.4 Subspaces of an N-vector space Vn

A non-empty set S, of vectors of Vn(F) ,is called a subspace of Vn(F), if

e &4, & are any two members of S, then &; + &; is also a member of S; and
e ¢ isamember of S, and k is a scalar then k¢ is also a member of S.

Briefly, we may say that a set S of vectors V,(F) is a subspace of Vn(F) it closed w.r.t. the compositions of “addition” and
"multiplication with scalars".

Every subspace of V, contains the zero vector; being the product of any vector with the scalar zero.
4.16.5 Construction of Subspaces

e A subspace Spanned by a Set of Vectors: A subspace that arises as a set of all linear combinations of any given set of
vectors is said to be spanned by the given set of vectors.

Basis of a subspace: A set of vectors is said to be a basis of a subspace, if
»  The subspace is spanned by the set, and

» The setis linearly independent.

Note: If we have N vectors and they are independent then they span N-dimension space. But if they are dependent then they
span only a subspace of N-dimension space.

4.16.6 Orthogonality of Vectors

e  Two vectors are orthogonal if each is non-zero and X," X, =0

e If nvectors X1, X; .... X, each of n dimensions is orthogonal then they are surely linearly independent and form the basis
for n-dimension space.

e The set of the vector is orthonormal if they are orthogonal and have unit magnitude.

4.17. Similar Matrices

e  Two matrix A and B are similar if there exist a non singular matrix P such that B = PAP
e Similar matrix has same eigen valves
e If Alissimilar to B then B is also similar to A

e If Alissimilar to B and B is similar to C then A is similar to C.

4.18. Diagonalization of a matrix:

Finding a matrix D which is a diagonal matrix and which is similar to A is called diagonalization i.e., we wish to find a non-

singular matrix M such that A = M*DM where D is a diagonal matrix.

GATE WALLAH ELECTRICAL HANDBOOK 1.45




® Engineering Mathematics 1

Condition for a Matrix to be Diagonalizable

1. A necessary and sufficient condition for a matrix A to be diagonalizable is that the matrix must have n linearly

independent eigen vectors.

2. A sufficient (but not necessary) condition for a matrix An xn to be diagonalizable is that the matrix must have n linearly

independent eigen values.

This is because if a matrix has n linearly independent eigen values then it surely has n linearly independent eigen vectors
(although the converse of this is not true).

Qad
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PROBABILITY
AND STATISTICS

5.1. Random Experiment:

The experiment in which the outcome is uncertain is called a Random Experiment (RE).

Example: Flipping a coin, rolling a pair of dice, Picking a ball from a bag.

5.1.1 Sample Space

The set contains all the possible outcomes of a random experiment. It is denoted by 'S'".
If RE is flipping a coin, S = {Head, Tail}

If RE is rolling a dice, S = {1,2,3,4,5,6}

5.2. Event

Any subset of sample space 'S' is called an Event.
Example:  If RE is flipping a coin, then the occurring of a Head is an Event.
If RE is rolling a dice, then getting an odd number is an Event.

5.2.1 Probability of an Event:

If 'A" is any event with in the sample space 'S' of a Random experiment, then the probability of event 'A’ is given by

_ No. of outcomes favouring event 'A' to happen _ n(A)
Total number of elements in'S' n(s)

P(A)

Probability of getting an Even Number when a dice is rolled.

P(Even Number) = z =0.5

S={1,2,3,45,6},
A={2,4,6}

Note:  Probability can also be expressed as odds if favour and odds against an event:
e Odds is favour of an event:
Odds in favour of an event = Number of successes : Number of failures = m: (n —m).
e (Odds against an event:
Odds against an event = Number of failures : Number of successes = (n —m) : m.
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5.2.2 Axioms Probability:
(i) If'A'is any event with in the sample space 'S' of a RE, then 0 < P(4) <1

0 <|n(A)|<n(©)
nis) [n®S)| n(S)

(i) P(S)=1
When a RE is conducted the experiment yields a possible outcome.

5.2.3 Types of Events:

If A, B are two events within a sample space 'S', then A & B are said to be mutually exclusive if ANB = ¢.
Example: If A" is the event of getting a prime number when a dice is rolled and 'B' is the event of getting a composite
number when a dice is rolled then
S={1,23456} A={235}B={46}=>AnB=¢=>P(AnB)=0

S

Fig. 5.1. Mutually exclusive event

If 'A', and 'B' are two events within a sample space 'S', then 'A"' & 'B' are said to be mutually exhaustive if AuUB=S
Example: If'A' is the event of getting an odd number when a dice is rolled and 'B' is the event of getting an Even
Number, then
AuUuB=S
S={1,2,3,45,6}
A={1,3,5}, B={2,4,6}
= AuB=S

Fig. 5.2. Mutually exhaustive event
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Two events ‘A’ & 'B' within the sample space 'S’ (or) within two different sample spaces 'S:' & 'S;" are said to be independent
if P(A " B) =P(A) - P(B).

S, S

&)

Fig. 5.3. Independent Event

The event with zero probability is called an Impossible Event P(¢) = 0.

5.3. Addition Theorem of Probability

If A, and B are two events with a sample space 'S’ of a Random Experiment, then
P(A U B)=P(A) + P(B) - P(A N B)

n(AUB) = n(A) + n(B) — n(ANB)
n(s) n®) nE n(s)

Fig. 5.4. Addition theorem
= P(AuB)=P(A)+P(B)-P(AnB)

When A, and B are mutually exclusive events, A N B = ¢.
= P(ANB)=0
P(A U B) =P(A) + P(B)

e IfEq, Ep Es,....... E, are mutually exclusive events (Ein Ej= ¢), thenP(Es WE2 U Es U ....... UEN) =YL, P(EY)

5.3.1. De Morgan’s Law
o (AUB)*=A°nBC

e (AnB)*=A°UBC
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5.3.2. Union and Intersection properties
For any two events A and B:

(@ P(AUB)=P(A)+P(B)-P(ANB)

(b) P(A° "B®)=1-P(AUB)
For any three events A, B and C:

(@) P(AUBUC) = P(A) + P(B) + P(C) - P(AnB) — P(BC) —P(C " A) + P(ANB N C)
(b) P(A° "B®* "C®)=1-P(AUBUC)

5.3.3 Conditional Probability:

The probability of the happening of event 'A’ when it is known that event 'B' has already occurred is given by P(A/B)
P(AnB) n(ANB)

2 G 5

5.3.4 Joint Probability:

> f(x,y) is the joint probability of two RV’S X, y.
»  If the two RV are Independent then
f(x, y) =1(x) - f(y)

> P(aSXSb,cgygd):ﬂf(x,y)dydx
> f(x):T f(x,y)dy
1= ] Ty

5.3.5 Multiplication Theorem of Probability:
If A, and B are two events within a sample space 'S', then P(A/B) - P(B) = P(B/A) - P(A)

P(A/B) = % = P(ANB) = P(A/B)-P(B) - (1)
P(BIA) = % = P(BNA) = P(B/A)-P(4) > (2)
From (1) & (2)

P(A/B) - P(B) = P(B/A) - P(4)
5.3.6 Total Theorem of Probability:
If E1, Ez, Es,...... En are 'n' mutually exclusive (E; N E; = ¢; Vi # j) and collectively exhaustive event (E1 U E; U Es

U w En =S) and 'A' is any event with in the sample space 'S', then
P(A) =P(E,)-P(A/E)) + P(E;) - P(A/E))+...... +P(E,) - P(A/E,)

P(A) =Y P(E)-P(A/E)
i=1
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5.3.7. Baye's Theorem:

If E1,EzEs,...... En are mutually exclusive (E; N E; = ¢Vi # j) and collectively exhaustive event (E; U E; U E5 U.......
E, = S) and 'A'is any event with in the sample space 'S', then

P(E;) - P(A/E;)

P(E;/A) = n P(E)-P(A/E)

Fig. 5.5. Baye’s theorem
5.3.8. Use of permutation and combination

What is combination?
A combination of ‘n’ objects taken ‘r’ at a time (r-combination of ‘n’ objects is an unordered selection of ‘r’ of the objects).
Number of ways of combining of ‘r” object out of ‘n’ objects without repetition
n!
nc, =
(n=n)'r!

What is permutation?
A combination of ‘n’ objects taken ‘r’ at a time (r-combination of ‘n’ objects is an ordered selection of ‘r’ of the objects).
Number of ways of selection of r object out of n objects without repetition

np n!

" (n=r)

i) "C,="C.,

iy "Cy+"Ci+"Cy+...+"C,=2"

(iii) "Cy+"C, +"Cy +...4+=2""1

(iv) "C +"Cy+"Cy+...+=2""1

(v) 0"Cy+1."C,+2."C,+...+n"C,=n2""
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The number of permutations of n objects, where p objects are of one kind, g objects are of another kind and the rest, if any, are

"p
of a different kind is —L .
p!q!

Number of combinations of ‘n’ distinct things taking ‘r’ at a time when each thing may be repeated any number of times is
given by " C, .

5.4. STATISTICS

Statistics — Collection and Analysis of Data

Ungrouped data / Row data
Data
Grouped Data

5.4.1. Analysis of Ungrouped Data:
If X1, X2, X3, ....... ,Xp are 'n' observations, then
(1) The range of the data = R = max{xi, X, ....... Xn} —min{X1, X2, X3, ....., Xn}

(2) Arithmetic mean : Mean of the data is equal to sum of observaions divided by the total number of observations.

B o — S i X7 T 2l L XT: gl = ot %=y
n n

st 3, (n(nz+1)) nti
e The mean of 1% 'n' natural numbers = e i s
e The mean of 1* 'n' odd numbers = "72 =g
e The mean of 1* 'n' even numbers = n +1
5.4.2 Median:
The middle most observation of the data (x4, x5, x5, ..... x,,) When the data is arranged in either ascending or descending order.
If X1, X5, X3, X4, v X, are 'n' observations that are arranged in ascending/descending order then

n+1

th
(i) Median of the Data = (T) observation, if 'n" is odd.

. - n th n th - - -

(i) Median of the Data = Mean of (E) & (E + 1) observations, if 'n' is even.

5.4.3 Mode:

The observation with highest frequency is called mode.

Any Data with two Modes is called — Bimodel Data
Ifxy,xp%3,...... , Xy are'n' data points, Xx=pu=

Mean Deviation of the observation (x;) =d; = x; — x
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X
dz ) ) . y,zzg
=X —1 - *
1 &, . 24,
d,
O1 1234 56 T, n

Fig. 5.6. Discrete data

Sum of derivations of all the observations = Xd; = (x; — %) + (x, — X)+...... 0+ (xp—%)
=2d; = (g +x,+..... +x,) — nx

The sum of mean deviations of all the observations is equal to zero.

5.4.4 Absolute Mean Deviation:

If X1, X2, X3,....... ,Xn are 'n' data points with Mean = x, then the absolute mean deviation of x; about x is given by |d;| = |x — x|
The sum of absolute mean derivations of given data is not zero.
Cldi| #0) = (Jx; = %] + |x2 = X]|+-....... +|x,, — x| # 0)

5.4.5 Standard Deviation:

If X1, X2, Xa,...... xn ('n'is very large), then the standard deviation of the data is given by

Population Standard Deviation ¢ = /%Z(xi —x)? , n—> size of population

Sample Standard derivation: ¢ = \/;Z(xi — %)? , n— size of sample

(n-1)
Generally (n > 29 — population) (n <29 —sample)

Note:  Measures of skewness (The degree of asymmetry)
A lack of symmetry is skewness.
e  For symmetric distribution mean (M) = Median (Mq) = Mode (Me)
e  For negatively skewed distribution mean (M) < Median (Mg) < Mode (Me)

e  For positively skewed distribution Mean (M) > Median (Mq) > Mode M,).

¥\ N N

v

(a) Positively Skewed ! (a) Symmetric (a) Negatively Skewed
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5.5. Random Variables

The variable that connects the outcome of a Random Experiment to a real number.

Example:  'X'is the value of the number that a dice shows when it is rolled.
Discrete RV — The RV whose value is obtained by counting, defined by PMF
Random Variable

Continuous RV~ — The RV whose value is obtained by Measuring, defined by PDF

e If adata consists of 'fi' data points with value 'x;’,’f,’ data points with value 'x,"...... 'f,’ data point with value 'x,,, then
(i) Expectation of 'X' = E(x) = Y=, ;P(x = x;)

(ii) Variance of ‘x’ =02 = E(x?) — (E(x))? and o is the standard deviation.

5.5.1 Probability Mass Function (PMF)

The PMF p(x) of a discrete random variable X taking values X, X,,.....X, is defined such that,
() p(x;)=0
n
(i) > p(x)=1
i=1
(i) p(g)=p(X =x)

5.5.2 Probability Density Function (PDF)

The pdf f(x) of a continuous random variable X is defined such that,
(i f(x)=0

(i) T f(x)dx=1

b
(i) P(a<X <b)= f(x)dx

5.5.3 Expected Value

> xp(x);  Xis discrete rv

1. Expected value of a random variable X, E [X], is defined as, E[X] T ¥ (0 X is continuous rv

2. Expected value of X2 is,
> x%p(x);  Xisdiscrete rv

E[X%]=1 =
X1 J'xzf(x)dx; X is continuous rv

—0o0

Note: E[X"] is called nth moment.
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5.5.4 Mean of Random Variable ‘X’
Mean =p=E[X]

5.5.5 Variance of a Random Variable ‘X’
Var (X)=E[(X —p)’]
or, Var (X)=E[X?]-p?

5.5.6 Properties of Expectation
(i) E[c] =c, cisaconstant.
(i) E[ax] =aE[X]
(iii) E(@X +b)=aE(X) +b
(iv) If X'and Y are random variable E[X + Y] = E(x) £ E(Y).
(v) If Xand Y are random variables E(X. Y) = E(X). E(Y / X).
(vi) If X and Y independent random variables E(X. Y) = E(X). E (Y).

5.5.7 Properties of Variance

(i) Var[C]=0, Cis constant.
(i) Var (aX) = a*V(X) where X is random variable and ‘a’ constant.
Var(-X) = (-1)? Var(X) = Var(X) Variance is always positive.
(iii) Var(ax +b) =a*Var(X) + 0
(iv) If X and Y are independent random variables.
Var(X +Y) = Var(X) + Var(Y)
Var(X —Y) = Var(X) + Var(Y)
(v) Var(ax + by) = a? v(x) + b? v(y) + 2ab Cov (X, )
(vi) Cov (x,y) = E(x,y) - E(x) E(y)

(vii) For independent random variables Cov(x,y) =0

5.5.8 Continuous RV

The value of the Random Variable is obtained by Measuring.

5.6. Probability Distribution Function (PDF)

A continuous & differentiable function P(x) is said to be a probability distribution/density function of a continuous random
variable X' if P(a < x < b) = f(f P(x)dx
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5.6.1 Mean (or) Expectation

If P(x) is a probability distribution/density function of a continuous Random Variable 'x' then the Mean of 'x' = E(x) = f_wwx .
P(x)dx

5.6.2 Median

The value of ‘X' for which the total probability is exactly divided into two equal halves is called Median.
5.6.3 Mode

The valueof 'x' at which P(x) is maximum is called mode.

5.6.4 Variance

=0? = E(x?) - (E(x))*

=0’ = j:xz : P(x)dx—(j:w P(x)dx)2

Y=P(x)

xa 01 I\x‘=Mcdian x=b

Fig. 5.7. Continuous random variables

5.7. Continous RV distributions

If 'X' is a continuous Random variable with mean 'u' and standard deviation 'c’, then the probability distribution/density
function of normally distributed variable 'x' is given by
(4

1 20
e e,

Bell shapced

X

il

X=U-20 x=ut+2c

x=p-3c x=pt3c

Fig. 5.8. Normal distribution
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Mean = Median = Mode =
Plu—o<x<pu+o)=0.6828
P(u—20<x<pu+20)=09544
P(u—30c<x<pu+30)=09973

—(x—w?
.e 202

1
P(x) = -

1 __ZZ
. e 2
2

Assuming z = =F;u = 0;0 = 1, P(2) =

9

P(-1<z<1)=0.6828
P(-2 <z <2)=09544
P(-3 <z <3)=0.9973

Note:

1.

2.
3.
4

The normal distribution curve is bell shaped curve

The points of infelection of the normal distribution curve areat x = u+ o and x = u — o.
The cumulative function graph is of ‘S’ Shape.

For a given normal distribution, Mean = median = Mode

If 'x" is a uniformly distrbuted random variable such that a < x < b then the Pdf is given by

P(x) =

(b—a)

L Py dx

b b1
Mean = [ 'x - P(x)dx = [ x - -—dx = il
(E): Mean
2

_ 2
— Variance = ¢? = %
g _ (b-a)
Std. deviation= ¢ = Nivh
yﬁﬂm
/A
O X=a X = b X

Fig. 5.9. Uniform Distribution

5.7.1 Properties of Mean and Variance:

E(ax+by)=a-E(x)+b-E(y)

V(ax + by) = a? - V(x) + b2 - V(y) — 2abCOV (x,y)

where COV (x,y) = E(xy) — E(x) - E(y)
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If x,y are indpendent random variables, then E(xy) = E(x) - E(y) = COV(x,y) =0

If X" is a continous random variable with mean as % then the exponential distribution of 'x" is Pff‘)

given by the function p
A-e M ;x>0
x) = v =
0 0 :otherwise
_1 > X
Mean = p
g2 =L Fig. 5.10. Exponential distribution
==

Mean = Standard Deviation = %

5.8. Discrete Random Variable Distributions

If a Random experiment has only two Possible outcomes, (one is Success & other is failure) and the Probability of Success
doesn't depend on time, then the probability of occuring of exactly 'r-successes' in 'n-trials' is given by
PX=r)="C,-P"-q" "
Where, P — Probability of Success,
q — Probability of Failure
p+tg=1
Mean = np,Variance = npq = o2, standard deviation = o =./npq

5.8.1 Poisson Distribution:

If a random experiment has only two possible outcomes, and the average number of successes in a given time 't" is A, then the
probability that exactly 'r' successes occur within the same time 't' given by

e~ AT

r!

P(x=71)
Mean = .
Mean = Variance = 1
=0 =11
aaa
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COMPLEX CALCULUS

A number of the form z = x + iy where x, y € R is called a complex number.
x is called real part of z, x = Re(z2)

y is called imaginary part of z, y = Im(2)

6.1. Modulus - Amplitude form of a Complex Number

Every Complex numberz = x + iy can be written as z = r.e'® where

«,XZ + y2 is called the modulus of the complex number and

_,
1

0 = tan_l(%j is called the amplitude (or) argument of the complex number.
e® = cos0+i.sin®and
e® = cosO—isino

6.2. Arithmetic Operations with Complex Numbers

If z = x1 + iy1 and z; = X + iy, are two complex numbers then
(I) 2120 = (X1 * Xz) + I(yl * yz)
(i) z1-22= (X1 X2 — Y1 Y2) + i(Xay2 + X2y1)

Lol (g% YiYo) (XY —XYo)
(iii) = )
23 X3 +Y2

(V) |21+ 22| <|za] + |22]
W) l-zl>|14]-12]|
(Vi) |z + 2o + |21 — 22 = 2(|zaf” + |22)

If ry, 6, are the modulus and angle of a complex number z; and r», 0, are the modulus and angle of a complex number z,
respectively, then

(i) The modulus of z1 - zzis r1 - 2 and the angle of z; - 2 is 61 + 62

. L . n 4 .
(i) The modulus of — is — and the angle of — is 6;— 6.
Z h Zp
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If z=x + iy is a complex number, then the conjugate of the complex number is given by z* (or) Z =x —iy.
2+7 -7

Re(z) = T and Img(z) = T

7-7= 7P
e n"root of unity :
1 . -
Z =(1)"" We write 1=ei?™

2 3

Thus we get nth root of unity equal tol,a, 0%, 0c...a" . Here o =e2™"

1. n"root of unity form a GP

2. Sum of all nth root of unity =0

3. Product of all n" root of unity is (-1)"*

4. n" root of unity lie on circle of unit radius
loge of a complex number

If z=x+ iy, to find log,(z) we write z in polar form so z= rel® log.(2) = Ioge(reie) =log, r +16.
Since angle 6=0+2nn
So log(z) =log, r +i(6+ 2nm)

6.3. De-moivre’s Theorem

For any complex number x and any integer n,
(r(cos © +isin 0))" = r"(cos(n6) + i sin (n6))
The cube roots of unity when plotted on an argand plane form an equilateral triangle.

6.4. Standard Complex Functions

If z=x+ iy is a complex number, then
1 o
(i) Inz= E-In(X2+y2)+|~tan 1@
X

(i) exp (z) =€*-(cosy+isiny)

6.5. Periodic function

A complex function f(z) is a periodic function if there exists a complex number ‘k’ such that f(z) = f(z + k)

Example: The function f(z) = €” is a periodic function with period 2ri.

6.5.1 Analytic Functions

A function f(z) is said to be analytic at a point z = z; if the fucntion f(z) is differentiable at the pount z = z, and also at every
point in the neighbourhood of z.

The mathematical conditions for a function f(z) = u(x, y) + i.v(x, y) to be analytic at a point zo = Xo + 1 Yo IS
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| ' ’ ’ are continuous an |||e|en laple at (Xo,
5 5 5 3 0 yO
11 al Id . I ese se OI equations are calle auc R|e|||a| [ uations .

Note:  If the function f(z) = u(x, y) + i.v(x, y) is analytic then
() Both u(x, y) and v(x, y) satisfy laplace equation.

4= PP
oV %
and y‘}‘y = 0

(i) The family of curves u(x, y) = ¢1 and v(X, ¥) = c; are orthogonal to each other.

Cauchy — Riemann Equations in polar form for the function f(z) = u(x, y) + i.v(x, y) are given by
a_u - l . @ and a_u - o @
o r o0 M o

6.6. Complex Integration

If f(z) = u + iv is continuous and differentiable at every point along a path ‘C’ , then the evaluation of f(z) along the pathe ‘C’
is given by

L f(z)dz = jc(u +iv) (dx +idy) :jc(u dx—v dy) +i jc(u dy +Vv dx)

Note: If the function f(z) is analytic, then the integral Lzz f(z)dz is independent of the path connecting the complex
1

numbers z; and z,.

6.6.1 Cauchy Integral Theorem:

If the function f(z) is analytic at everypoint with in a closed path ‘C’ then 4)(; f(z)dz =0.

Consider a contour C parameterized by z(t) = x(t) + iy(t) for a <t <b. We defined the integral of the complex function along C
to be the complex number

[ f(@dz= j: f(z()z't)ct .

b
Note : If F(z) is an analytic function then the integration J.a F(z)dz is independent of path followed to move from pointato b

6.7. Taylor Series and Laurentz Series

(i) Taylor series: If the function f(z) is analytic at every point with in a circle with centre at z = zo, then for any point z with
in the circle,
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@)= Y7 a2

1 £(2)
(ﬁj . gS ©(2-z)™ &

(ii) Laurentz Series: If the function f(z) is analytic at every point with in a region bounded by two concetric circles C and C;

Where an

with radii r, ry respectively (r > r1) with centre at z = zo, then for any point z with in the region,

f(Z) = z:zoan : (Z - ZO)n + Z:zlbn : (Z - ZO)_n
FRATRNIC
(ZTEJ qSC (z—174)" o

- (1) f(2)
and bo = (Znij gsc (z—zo)’”“ dz

Note: All the formulaes above for the cyclic integrals are for counter clockwise case by default, if the questions are asked
for clockwise case, the answer evaluted using above formulaes should be written with sign change.

where an

6.8. Residue Theorems

6.8.1. Cauchy Residue Theorem:

If f(z) is analytic in closed curve C except at a finite number of singular points within C,

then j f (2)dz = 271 x (Sum of the residue at the singular points within C)
C

Note:  In above formula the Contour is anti-clockwise. If the Contour is clockwise then we put a —ve sign in RHS of
above equation.
Applying Cauchy theorem we have

f()dz= . f(2)dz+ . f(z)dz+...+ . f(z)dz=2ni[Res[f(a)]+Res[f(a,)]+...+Res[f(a,)]]
C o] C Cn

6.8.2 Methods of Evaluating Residues
o Iff(z) has a simple pole at z = 0 then Res[f(a)]=lim(z—a)f(z)

e |If f(z):% where W(z) = (z—a) f(z), f(a) # 0

Res f(a) = ‘z,(z)

n-1
e Iff(z) hasapole of order nat z = a, then Res f(a)= ﬁ{%[(z —a)" f (z)]}
- Z=a

6.9. Singularities of an Analytic function and It’s Type

A point at which the function ceases to be analytic is called singular point of functions.
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6.9.1. Type of Singularities

Removable singularity: A removable singularity is a singular point z, of a function f(z) for which it is possible to assign
a complex number in such a way that f(z) becomes analytic. A more precise way of defining a removable singularity is as
a singularity zo of a function f(z) about which the function f(z) is bounded. For example, the point
Xo = 0 is a removable singularity in the sin ¢ function sin c(x) = sin x/x, since this function satisfies sin c(0) = 1.

Isolated singularity: A point a in the domain D of function f(z) is said to be a point of isolated singularity, if f(z) is
analytic at each point in some neighbourhood |z — a| < R of a, except not being analytic at a.

Pole: Pole is another kind of singularity defined as if there exist a positive integer m such that z — a(z —a)™ f(z) # 0, then
z = ais called a pole of order m.

For example, let  f(z) = 1/(z - 5)3, then

z—>5(z-5)° =1#0

1
(z-5)°
Isolated Essential Singularity: The definition of isolated essential singularity is, if their does not exist a finite value m
such that z — (z—a)™ f(z) = k, where k is a non-zero finite constant. The point z = a is called an isolated essential singularity.
For example, let f(z) = sin[1/(z — a)] where sin[1/(z —a)] = 1/(z —a) — 1/(z — a)® 3! + 1/(z — a)°5!.....

Here the function has infinite terms in negative power of (z — a), so it is not possible to find a finite value of m.
Qaa

Q0

e For more questions, kindly visit the library section: Link for web: https://smart.link/sdfez8ejd80if

PW Mobile APP: https://smart.link/7wwosivoicgd4
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