ICSE Class 9 Maths Selina Solutions Chapter 9: You may find the Selina answers to the
questions in the Class 9 Selina textbooks' chapter 9, Triangles, here. Students study
triangles in detail in this ICSE Class 9 Maths Selina Solutions Chapter 9, with a particular
emphasis on congruency in triangles. Completing every question in the Selina textbook will
enable students to receive full credit for the test.

ICSE Class 9 Maths Selina Solutions Chapter 9 is quite simple to comprehend. These
answers address every exercise question in the book and follow the syllabus that the ICSE
or CISCE has specified. ICSE Class 9 Maths Selina Solutions Chapter 9 is available here in
PDF format, which can be accessed online or downloaded. Additionally, students can
download these ICSE Class 9 Maths Selina Solutions Chapter 9 for free and use them
offline for practice.

ICSE Class 9 Maths Selina Solutions Chapter 9
Overview

ICSE Class 9 Maths Selina Solutions Chapter 9 covers the topic of triangles, focusing on
various properties and theorems related to them. The ICSE Class 9 Maths Selina Solutions
Chapter 9 delves into different types of triangles (such as equilateral, isosceles, and
scalene) and their specific properties. It also explores important concepts like the sum of
interior angles in a triangle, the criteria for triangle congruence (such as SSS, SAS, and
ASA), and the basic proportionality theorem.

The ICSE Class 9 Maths Selina Solutions Chapter 9 provides a detailed explanation of these
properties and theorems, often supported by illustrative examples and exercises to help
students understand and apply these concepts effectively in solving problems related to
triangles.

ICSE Class 9 Maths Selina Solutions Chapter 9

Below we have provided ICSE Class 9 Maths Selina Solutions Chapter 9 —

1. Which of the following pairs of triangles are congruent? In each case, state the
condition of congruency:

(a) In A ABC and A DEF, AB =DE,BC =EF and ZB = ZE.

(b) In A ABC and A DEF, B = ZE =90°; AC = DF and BC = EF.
(c)In AABC and A QRP, AB=QR, ZB= ZRand ZC = ZP.
(d) APQR, AB =PQ, AC = PR and BC = QR.

(e) In AABC and APQR,BC =QR, LA =90° £ZC= ZR =40° and £ZQ=50°.



Solution:

(a) In A ABC and A DEF

AB = DE (data)

BC = EF and 4B = ZE (given)

By SAS criteria of congruency and given data, we can conclude that,
A ABC and A DEF are congruent to each other.

Therefore, A ABC = A DEF.

(b) Given in A ABC and A DEF,

4B = ZE =90

AC =DF

That is hypotenuse AC = hypotenuse DF

and BC = EF

By right angle hypotenuse side postulate of congruency,

The given triangles A ABC and A DEF are congruent to each other.
Therefore, A ABC = A DEF.

(c) In A ABC and A QRP,

Data: AB = QR,

4B = ZR and

£LC=LP.

By using the SAS postulate and the given data we can conclude that
The given triangles A ABC and A QRP are congruent to each other.
Therefore, A ABC = A QRP.

(d) InIn A ABC and A PQR,

Data: AB = PQ, AC = PR and BC = QR.

By using the SSS postulate of congruency and given data we can conclude that

The given triangles A ABC and A PQR are congruent to each other.



Therefore, A ABC = A PQR.

(e) In A ABC and A PQR,

Data: BC = QR, £ZA =90°,

£ZC=ZR=40°and £Q=50°

But we know that the sum of the angle of the triangle = 180°
Therefore, ZP+ ZQ+ ZR =180°

ZP +50°+40° = 180°

ZP +90° =180°

ZP =180°-90°

ZP =90°

In A ABC and A PQR,

LA=LP

ZC=4LR

BC =QR

According to the ASA postulate of congruency,

The given triangles A ABC and A PQR are congruent to each other.
Therefore, A ABC = A PQR.

2. The given figure shows a circle with center O. P is the mid-point of chord AB.
Show that OP is perpendicular to AB.

Solution:

Data: in the given figure O center of the circle.

P is the mid-point of chord AB. AB is a chord

P is a point on AB such that AP = PB

Now we have to prove that OP L AB

Construction: Join OA and OB

Proof: In A OAP and A OBP



OA = OB (because radii of the common circle)

OP = OP (common)

AP = PB (data)

To the SSS postulate of congruent triangles

The given triangles A OAP and A OBP are congruent to each other.
Therefore, A OAP = A OBP.

The corresponding parts of the congruent triangles are congruent.
Z0OPA = ZOPB (by Corresponding parts of Congruent triangles)
But ZOPA + ZOPB = 180° (linear pair)

ZOPA = ZOPB =90°

Hence OP L AB

3. The following figure shows a circle with center O.

If OP is perpendicular to AB, prove that AP=BP.

Solution:

Given: In the figure, O is the center of the circle,

And AB is a chord. P is a midpoint on AB such that AP = PB

We need to prove that AP = BP,

Construction: Join OA and OB

Proof: In right angle triangles A OAP and A OBP

Hypotenuse OA = Hypotenuse OB (because radii of the common circle)
Side OP = OP (common)

AP = PB (data)

To SSS postulate of congruent triangles

The given triangles A OAP and A OBP are congruent to each other.
Therefore, A OAP = A OBP.

The corresponding parts of the congruent triangles are congruent.



AP = BP (by Corresponding parts of Congruent triangles)
Hence the proof.

4. In a triangle ABC, D is the mid-point of BC; AD is produced up to E so that DE = AD.
Prove that: (i) A ABD and A ECD are congruent.

(ii) AB=EC

(iii) AB is parallel to EC.

Solution:

Given A ABC in which D is the mid-point of BC

AD is produced to E so that DE = AD

We need to prove that

(i) AABD = AECD

(i) AB=EC

(iii) AB // EC

(i) In AABD and A ECD

BD = DC (D is the midpoint of BC)

ZADB = ZCDE (vertically opposite angles)

AD = DE (Given)

By the SAS postulate of congruency of triangles, we have

A ABD = A ECD

(ii) The corresponding parts of congruent triangles are congruent
Therefore, AB = EC (corresponding parts of congruent triangles)

(iii) Also, we have ZDAB = £ZDEC (corresponding parts of congruent triangles)
AB /| EC [£DAB = £DEC are alternate angles]

5. A triangle ABC has ZB = ZC. Prove that:

(i) The perpendiculars from the mid-point of BC to AB and AC are equal.
(ii) The perpendiculars from B and C to the opposite sides are equal.

Solution:



(i) Given A ABC in which £ZB = ZC.

DL is perpendicular from D to AB

DM is the perpendicular from D to AC.

We need to prove that

DL = DM

Proof:

In A ABC and A DMC (DL perpendicular to AB and DM perpendicular to AC)
ZDLB = ZDMC = 90°

£B = ZC (Given)

BD = DC (D is the midpoint of BC)

By AAS postulate of congruent triangles

A DLB = ADMC

The corresponding parts of the congruent triangles are congruent
Therefore DL = DM

(i) Given A ABC in which £B = ZC.

BP is perpendicular from D to AC

CQ is the perpendicular from C to AB.

We need to prove that

BP =CQ

Proof:

In A BPC and A CQB (BP perpendicular to AC and CQ perpendicular to AB)
ZBPC = ZCQB =90°

4B = ZC (Given)

BC = BC (common)

By AAS postulate of congruent triangles

ABPC =ACQB



The corresponding parts of the congruent triangles are congruent
Therefore BP = CQ

6. The perpendicular bisector of the sides of a triangle AB meet at I. Prove that: IA = 1B
=IC

Solution:

Given triangle ABC in which AD is the perpendicular bisector of BC
BE is the perpendicular bisector of CA

CF is the perpendicular bisector of AB

AD, BE and CF meet at |

We need to prove that

IA=IB=1IC

Proof:

In ABID and A CID

BD = DC (given)

£ BDI = ZCDI =90° (AD is perpendicular bisector of BC)
BC = BC (common)

By SAS postulate of congruent triangles

ABID = ACID

The corresponding parts of the congruent triangles are congruent
Therefore IB = IC

Similarly, In A CIE and A AIE

CE = AE (given)

£ CEIl = ZAEI =90° (AD is perpendicular bisector of BC)
IE = IE (common)

By SAS postulate of congruent triangles

A CIE = A ARE

The corresponding parts of the congruent triangles are congruent



Therefore IC = |A
Thus, IA=1B=1C

7. A line segment AB is bisected at point P and through point P another line segment
PQ, which is perpendicular to AB, is drawn. Show that: QA = QB.

Solution:

Given triangle ABC in which AB is bisected at P
PQ is the perpendicular to AB

We need to prove that

QA =QB

Proof:

In A APQ and A BPQ

AP = PB (P is the midpoint of AB)

ZAPQ = £ZBPQ =90° (PQ is perpendicular to AB)
BC = BC (common)

By SAS postulate of congruent triangles

A APQ = A BPQ

The corresponding parts of the congruent triangles are congruent
Therefore QA = QB

8. If AP bisects angle BAC and M is any point on AP, prove that the perpendiculars
drawn from M to AB and AC are equal.

Solution:

From M, draw ML such that ML is perpendicular to AB and MN is perpendicular to AC
In A ALM and A ANM

ZLAM = ZMAN (AP is the bisector of ZBAC)

ZALM = ZANM = 90° (ML is perpendicular to AB and MN is perpendicular to AC)
AM = AM (common)

By AAS postulate of congruent triangles



A ALM = A ANM

The corresponding parts of the congruent triangles are congruent
Therefore ML = MN

Hence the proof.

9. From the given diagram, in which ABCD is a parallelogram, ABL is al line segment
and E is mid-point of BC.

Prove that:

(i) ADCE = ALBE

(ii) AB = BL.

(iii) AL = 2DC

Solution:

Given ABCD is a parallelogram in which E is the midpoint of BC
We need to prove that

(i) ADCE = ALBE

(i) AB = BL.

(iii) AL = 2DC

(i) In ADCE and A LBE

ZDCE = ZLBE (DC parallel to AB, alternate angles)

CE = EB (E is the midpoint of BC)

£DCE = ZLBE (vertically opposite angles)

By ASA postulate of congruent triangles

ADCE = A LBE

The corresponding parts of the congruent triangles are congruent
Therefore DC = LB.... (i)

(i) DC =AB...... (i)

From (i) and (ii)) AB = BL...... (iii)

(i) AL=AB +BL......... (iv)



From (iii) and (iv) AL = AB + AB

AL = 2AB

AL = 2DC from (ii)

10. In the given figure, AB = DB and Ac = DC.
If ZABD = 58°,

Z DBC = (2x - 4)°,

ZACB =y + 15° and

£ DCB = 63°; find the values of x and y.
Solution:

Given: In the given figure, AB = DB and Ac = DC.
If ZABD = 58°,

Z DBC = (2x — 4)°,

ZACB =y + 15°and

£ZDCB =63

We need to find the values of x and y.

In A ABC and A DBC

AB = DB (given)

AC = DC (given)

BC = BC (common)

By SSS postulate of congruent triangles

A ABC = ADBC

The corresponding parts of the congruent triangles are congruent
Therefore

ZACB = ZDCB

y° +15°=63°

Yo = 63° — 15°



y° = 48°
£ ACB = ZDCB (corresponding parts of the congruent triangles)
But ZDCB = (2x — 4)°

We have ZACB + £ZDCB = ZABD

(2x —4)° + (2x — 4)° = 58°

4x — 8° = 58°

4x = 58° + 8°

4x = 66°

X = 66°/4

x =16.5°

Thus, the values of x and y are

x=16.5°and y = 48°
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1. On the sides AB and AC of triangle ABC, equilateral triangle ABD and ACE are
drawn.

Prove that:

(i) ZCAD = ZBAE

(ii) CD = BE.

Solution:

Given triangle ABD is an equilateral triangle
Triangle ACE is an equilateral triangle
Now, we need to prove that

(i) ZCAD = ZBAE

(i) CD = BE.

Proof:

(i) A ABD is equilateral

Each angle = 60°



ZBAD =60° ...... (i)

Similarly,

A ACE is equilateral

Each angle = 60°

ZCAE=60°........... (i)

£ZBAD = ZCAE from (i) and (ii)........... (iii)
Adding £ZBAC to both sides, we have
ZBAD + ZBAC = ZCAE + ZBAC
ZCAD = £BAE......... (iv)

(i) In A CAD and A BAE

AC = AE (triangle ACE is equilateral)

£ CAD = £ZBAE from (iv)

AD = AB (triangle ABD is equilateral)

By SAS postulate of congruent triangles

A CAD = A BAE

The corresponding parts of the congruent triangles are congruent
Therefore CD = BE

Hence the proof.

2. In the following diagrams, ABCD is a square and APB is an equilateral triangle.
In each case,

(i) Prove that: A APD = A BPC

(ii) Find the angles of ADPC.

Solution:

(a)

(i) Proof:

AP = PB = AB [A APB is an equilateral triangle]



Also we have,

ZPBA = ZPAB = ZAPB=60°........ (1)

Since ABCD is a square, we have
LA=/4B=4LC=4D=90°........... (2)

Since ZDAP = ZA— ZPAB .............. (3)

ZDAP =90° - 60°

£ DAP = 30° [from equation 1 and equation 2] ............... (4)
Similarly ZCBP = £ZB — ZPBA

ZCBP =90° - 60°

£ CBP = 30° [from equation 1 and equation 2] ............ (5)
ZDAP = ZCBP [from equation 4 and equation 5] ....... (6)
A APD and A BPC

AD = BC [sides of square ABCD]

ZDAP = ZCBP [from 6]

AP = BP [sides of equilateral triangle APB]

Therefore by SAS criteria of congruency, we have

A APD = A BPC
(i) AP = PB = AB [A APB is an equilateral triangle] ......... (7)
AB = BC = CD = DA [sides of square ABCD] .............. (8)

From equation 7 and 8, we have

AP=DAand PB=BC ......... 9)

In A APD,

AP = DA [from 9]

ZADP = ZAPD [angles opposite to equal sides are equal]

ZADP + ZAPD + £ZDAP = 180° [sum of angles of a triangle = 180°]

ZADP + ZAPD + 30° = 180°



ZADP + ZADP = 180° — 30° [from 2 and from 10]
2 LADP = 150°

ZADP = 75°

We have ZPCD = ZC - ZPCB

ZPCD =90° - 75°

ZPCD=15°......... (13)

In triangle DPC

ZPDC = 15°

ZPCD = 15°

ZPCD + ZPDC + £DPC = 180°
ZDPC = 180° - 30°

ZDPC = 150°

Therefore angles are 15°, 150° and 15°
(b)

(i) Proof: In triangle APB

AP =PB = AB

Also,

We have,

ZPBA= ZPAB = ZAPB=60° ......... (1)
Since ABCD is a square, we have
LA=4LB=Z4C=4D=90°.......... (2)
ZDAP = ZA+ ZPAB........ (3)

ZDAP =90° + 60°

ZDAP = 150° [from 1 and 2] ....... 4)
ZCBP = 4B+ 4ZPBA........ (3)

ZCBP =90° + 60°



ZCBP =150° [from 1and 2] ...... (5)
ZDAP = ZCBP [from4 and 5] ........ (6)
In triangle APD and triangle BPC

AD = BC [sides of square ABCD]

ZDAP = ZCBP [from 6]

AP = BP [sides of equilateral triangle APB]

By SAS criteria we have

A APD = A BPC
(i) AP = PB = AB [triangle APB is an equilateral triangle] ......... (7)
AB = BC = CD = DA [sides of square ABCD] .............. (8)

From equation 7 and 8, we have

AP=DAand PB=BC ......... 9)

In A APD,

AP = DA [from 9]

£ ADP = ZAPD [angles opposite to equal sides are equal] ........... (10)
ZADP + ZAPD + ZDAP = 180° [sum of angles of a triangle = 180°]
ZADP + ZAPD + 150° = 180°

ZADP + ZADP = 180° — 150° [from 2 and from 10]

2 ZADP = 30°

ZADP = 15°

We have ZPCD = 4D - ZADP

ZPCD =90°-15°

ZPCD=75°......... (11)

In triangle BPC

PB = BC [from 9]

ZPCB= ZBPC......... (12)



ZPCB + £ZBPC + ZCPB = 180°
£ZPCB + ZPCB = 180° — 150° [from 2 and from 10]
2 ZPCB = 30°

ZPCB =15°

We have ZPCD = ZC - ZPCB
ZPCD =90° - 15°
ZPCD=75°......... (11)

In triangle DPC

ZPDC =75°

ZPCD =75°

ZPCD + ZPDC + ZDPC = 180°
75°+75° + ZDPC = 180°

ZDPC = 180° — 150°

ZDPC = 30°

Angles of triangle are 75°, 30° and 75°

3. In the figure, given below, triangle ABC is right-angled at B. ABPQ and ACRS are
squares. Prove that:

(i) AACQ and AASB are congruent.
(ii) CQ = BS.

Solution:

Triangle ABC is right-angled at B.
ABPQ and ACRS are squares.

We need to prove that:

(i) AACQ and AASB are congruent.
(i) CQ = BS.

Proof:

(i) £LQAB =90° (ABPQ is a square) .... (1)



ZSAC =90° (ACRS is a square) .......... (2)
From (1) and (2) we have

ZQAB = ZLSAC ............ (3)

Adding £ZBAC both sides of (3) we get
ZQAB + ZBAC = LSAC + £ZBAC

ZQAC = LSAB .......... 4)

In A ACQ and A ASB

QA = QB (sides of a square ABPQ)

ZCAD = ZBAE from (iv)

AC = AS (side of a square ACRS)

By AAS postulate of congruent triangles
Therefore A ACQ = A ASB

(i)The corresponding parts of the congruent triangles are congruent
Therefore CQ = BS

4. In a AABC, BD is the median to the side AC, BD is produced to E such that BD = DE.
Prove that: AE is parallel to BC.

Solution:

Given in a AABC, BD is the median to the side AC,
BD is produced to E such that BD = DE.

Now we have to prove that: AE is parallel to BC.
Construction: Join AE

Proof:

AD = DC (BD is median to AC)

In ABDC and A ADE

BD = DE (Given)

£BDC = ZADE = 90° (vertically opposite angles)

AD = DC (from 1)



By SAS postulate of congruent triangles

Therefore A BDC = A ADE

The corresponding parts of the congruent triangles are congruent
4£BDC = ZADE

But these are alternate angles

And AC is the transversal

Thus, AE parallel to BC

5. In the adjoining figure, OX and RX are the bisectors of the angles Q and R
respectively of the triangle PQR.

If XS L QR and XT L PQ; prove that:

(i) AXTQ = A XSQ

(ii) PX bisects angle ZP.

Solution:

In the adjoining figure,

OX and RX are the bisectors of the angles Q and R respectively of the triangle PQR.
If XS L QR and XT 1L PQ;

We have to prove that:

(i) A XTQ = A XSQ

(i) PX bisects angle ZP.

Construction:

Draw If XZ_L PR and join PX

Proof:

(i) In A XTQ and A XSQ

ZQTX = £LQSX = 90° (XS perpendicular to QR and XT perpendicular to PQ)
ZQTX = LQSX (QX is bisector of angle Q)

QX = QX (common)

By AAS postulate of congruent triangles



Therefore AXTQ=AXSQ .............. (1)

(i) The corresponding parts of the congruent triangles are congruent
Therefore XT = XS (by c.p.c.t)

In A XSR and A XZR

£ XSR = £LXZR = 90° (XS perpendicular to XS and angle XSR = 90°)
ZSRX = £LZRX (RX is a bisector of angle R)

RX = RX (common)

By AAS postulate of congruent triangles

Therefore AXSR=AXZR .............. (1)

The corresponding parts of the congruent triangles are congruent
Therefore XS = XZ (by c.p.C.t) ........... (2)

From (1) and (2)

In A XTP and A XZP

ZXTP = £XZP =90° (Given)

XP = XP (common)

XT = XZ (from 3)

By right angle hypotenuse side postulate of congruent triangles
Therefore A XTP = A XZP

The corresponding parts of the congruent triangles are congruent
LXPT = LXPZ

PX bisects ZSRX = ZP

6. In the parallelogram ABCD, the angles A and C are obtuse. Points X and Y are taken
on the diagonal BD such that the angles XAD and YCB are right angles.

Prove that: XA = YC.
Solution:

ABCD is a parallelogram in which ZA and ZC are obtuse.



Points X and Y are on the diagonal BD
Such that ZXAD = ZYCB = 90°

We need to prove that XA =YC

Proof:

In A XAD and A YCB

ZXAD = £YCB = 90° (Given)

AD = BC (opposite sides of a parallelogram)
ZADX = ZCBY (alternate angles)

By ASA postulate of congruent triangles
Therefore A XAD = A YCB

The corresponding parts of the congruent triangles are congruent
Therefore XA =YC

Hence the proof.

7. ABCD is a parallelogram. The sides AB and AD are produced to E and F
respectively, such produced to E and F respectively, such that AB = BE and AD = DF.

Prove that: A BEC = A DCF

Solution:

ABCD is a parallelogram.

The sides AB and AD are produced to E and F respectively,
Such that AB = BE and AD = DF.

We need to prove that A BEC = A DCF

Proof:
AB = DC (opposite sides of a parallelogram) ....... (1)
AB = BE (given) ........... (2)

From (1) and (2) we have
BE = DC (opposite sides of a parallelogram) .......... (3)

AD = BC (opposite sides of a parallelogram) ........ (4)



AD = DF (given) ............ (5)

From (4) and (5) we have

Since AD parallel to BC the corresponding angles are equal
ZDAB= ZCBE ........ (7)

Since AD parallel to DC the corresponding angles are equal
ZDAB = ZFDC ......... (8)

From (7) and (8)

ZCBE = ZFDC ........ 9)

In ABEC and A DCF

BE = DC (from (3))

ZCBE = ZFDC (from (9))

BC = DF (from (6))

By SAS postulate of congruent triangles

Therefore A BEC = A DCF

Hence the proof.

8. In the following figures, the sides AB and BC and the median AD of triangle ABC
are equal to the sides PQ and QR and median PS of the triangle PQR. Prove that
AABC and APQR are congruent.

Solution:
Since BC = QR
We have BD = QS and DC = SR (D is the midpoint of BC and S is the midpoint of QR)

In A ABD and A PQS

AB=PQ......... (1)
AD=PS .......... )
BD=QS.......... (3)

By SSS postulate of congruent triangles



Therefore A ABD = A PQS
Similarly

In A ADC and A PSR

AD=PS ........... (4)
AC=PR......... (5)
DC=SR.......... (6)

By SSS postulate of congruent triangles
Therefore A ADC = A PSR

We have

BC =BD + DC (D is the midpoint of BC)

= QS + SR (from (3) and (6))

= QR (S is the midpoint of QR) ......... (7)

Now again consider the triangles A ABC and A PR
AB = PQ (from 1)

BC = QR (from 7)

AC = PR (from 7)

By SSS postulate of congruent triangles
Therefore A ABC = A PQR

Hence the proof.

9. In the following diagram, AP and BQ are equal and parallel to each other.
Prove that

(i) A AOP = A BOQ

(ii)) AB and PQ bisect each other

Solution:

In the figure AP and BQ are equal and parallel to each other

Therefore AP = BQ and AP parallel to BQ



We need to prove that

(i) A AOP = A BOQ

(i) AB and PQ bisect each other

(i) since AP parallel to BQ

ZAPO = £ZBQO (alternate angles) ........ (1)
And ZPAO = ZQBO (alternate angles) ........ (2)
Now in A AOP and A BOQ

ZAPO = £ZBQO (from 1)

AP = PQ (given)

ZPAO = £ZQBO (from 2)

By ASA postulate of congruent triangles,

A AOP = A BOQ

(i) the corresponding parts of the congruent triangles are congruent
Therefore OP = OQ (by c.p.c.t)

OA = OB (by c.p.c.t)

Hence AB and PQ bisect each other

10. In the following figure, OA = OC and AB = BC.
(i) £P=90°

(ii) A AOD = A COD

Solution:

Given OA = OC and AB = BC.

Now we have to prove that,

(i) £P=90°

(i) AAOD = A COD

(iii) AD = CD

(i) In A ABO and A CBO



AB = BC (given)

AO = CO (given)

OB = OB (common)

By SSS postulate of congruent triangles

Therefore A ABO = A CBO

The corresponding parts of the congruent triangles are congruent
£ZABO = ZCBO (by c.p.c.t)Hence ZABD = ZCBD
ZAOB = ZCBO (by c.p.c.t)

We have ZABO + ZCBO = 180° (linear pair)
ZABO = ZCBO =90°

And AC perpendicular to BD

(ii)) In A AOD and A COD

OD = OD (common)

ZAOD = ZCOD (each = 90°)

AO = CO (given)

By SAS postulate of congruent triangles

Therefore A AOD = A COD

(iii) The corresponding parts of the congruent triangles are congruent

Therefore AD = CD (by c.p.c.t)

Hence the proof.
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