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BASIC SIGNALS
AND SYSTEMS

1.1. Introduction

1.1.1. Continuous Time Signal

When independent variable is it continuous in time

e Obtained from CTS by uniform sampling given a
t=nT;

x(nTg)=f(nTg) a<nT <b

x(n)=f (nTy)

Continuous Time Signal  x(t) v &t

operations

v

an independent  an independent

variable variable
(1) Amplitude: Given x(t) vs t, plot Ax(t) vs t every vertical axis parameter is multiplied by A
(2) Amplitude Reversal:  Given x(t) vst, plot —x(t) vst Take mirror image w. r. to horizontal axis

(3) Modulus - |x(t)| vs t
> Retain graph above horizontal axis.
> Take the mirror image of graph below horizontal axis.
(1)  Addition or subtraction of dc value
Plot x(t) + A vst

x(t) + A— Shift up
x(t) — A— Shift down

Operation on independent variable: Let x(t) is given

Every operation on tonly  (t, >0)
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[ Signals & Systems

(1)  Time Shifting - Plot x(t—t;) or x(t+t,)
X(t—ty) v &t —>Shift x(t) vs to unit rightward

(Delay)
X(t+1,) v &t—> Shift x(t) vs t to unit leftward
(Advance)

(2) Time scaling Plot x(at) vst a>0

Divide time axis by a
(3) Time Reversal Plotx(-t) v &t
Mirror image w.r. to vertical axis
Natural : Time shifting — Time scaling — Time Reversal

1.1.1. Standard Signals:
(1)  Unitimpulse

S(t)=0 t=0
o(t)=0 t=0

[ s@dt=1
0 t=0
ot)= #0 t=0—->o
[ stdt=1

(1) o(t)=0(-t): Even signal
(2) o(t+t))= Noteven signal

@ 50 ﬁéa)
@ 5(-ot) =§5a)

5) S(-bt+c) =ﬁ5(t—9j

6) S(-bt—c) =ﬁ§(t +%)

7 Sbt—o) :ﬁ§(t —%}
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[ Signals & Systems

@8  Sbt+c) =ﬁ5(t+%j

) 5[g(t)]:i2% where t; is root of g(t)=0
x(t)a(t) = x(0)s(t)
(10) J
t=0

(11) Tx(t)a(t)dt = x(oﬁa(t)dt

1:t>0
u(t) =
® {O:t <0
Property:
Au(t)
1
0 >
@  u@)=u@®)
(2) 2u(at)—1=Sgn(at)
0 t<0
Unit Ramp signal : r(t) =tu(t) =t Y
1 t>0
r(t)
S=+1
s=o 1o "
r(at) =ar(t)
b
r(at+b)= ar(t +—j
a
b
r(-at+b)=ar (—t + Ej
Impulse Ramp
(1) dividebya Divide by a
1
Horizontal axis
(2) Dividebya multiplied by a
(Area) (Slope)
l

Vertical axis
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Unit Parabola Signals:

P =40

p(t) d/dt ,I‘(t) d/dt

p(1)
A

su(t) —= - 5(t)

t t
dt dt

5(t) ! su(t) —=

t
dt

>r () ———>p(t)

Gate pulse or Rectangular Pulse :

A |t| <T/2
0 else

(i) x(t)= Au(t_'_E)_Au(t_E]

M) x() ={

X(t) = Arect (t/T)
(iii) J \2
amplitude duration

Triangular Pulse :

A(l—m] Ll <T
(i) x@t)= T) "7

0 o else

Signals & Systems

AX(t)
i 0 z >t
2 2

T duration
‘\x([)
A
4 —AIT
T
S T
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L[t
X(t)=Atri (?j

(ii) J \2
peak duration/2

AL+t/T) -T<t<0
i) x()=1 A t=0
AL-t/T) O<t<T

(iv)  x(t) =ér(t +T) —ZT—Ar(t)+Tér(t -T)

T
SINC Function sin ct = sin 7t
# Sin at :Esinc(itj #
bt b T

Properties of sinc(t) -

@ limsine(t) =lim "7 = 1=sinc(0)
@  limsinc@) =lim ¥~

—>+0 ﬂ’t

(3) sinc(-t) =sinc(t) Even graph

sinz(-t) _sinxt

z(-t) at
4 t=n nel,n=%1
N0 n=12

(5) T sinct)=1 = 2 T sinc(t)dt
(6) Tsinc(Kt)dtzll K
(7 Tsin c3(t)dt =1

- 1
(8) L sinc’ (Kt)dt =

sint sinKt sinat a
Sa(t) = ——, Sa(Kt) = ,—— =—Sa[at
® " (Kt) o 5 [at]

bt
Sa(t) _sint =sin c(lj
t T

Signals & Systems

sin c(Kt) =

sin(Krt)
Kzt

GATE WALLAH ELECTRICAL HANDBOOK
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[ Signals & Systems

Properties:
1) Itg)\ Sa(t) =1
(2) tlirinw Sa(t)=0
(3) Sa(-t)=Sa(t)

(4) Zerocrossover - t=nz,nel n=0

() TSa(t)dt —7

(6) T Sa’(t)dt =~

1 t>0
Sgn(t)=<0 t=0
-1 t<0
‘\Sgn(t)
1 }—
> ¢
—-1
Sgn (Sgn (Sgn t)) = Sgn(t)
Sgn(t):2u(t)—1=|:—|
Natural DT
(DTS)—>/ atural DTS

N, Converted DTS

Important Points:

x(n)=1{1,2,3
1) ") { } Finite duration
Tn:o
X(n) = {11 213 _____ } .. . . .
2 A Infinite duration + Right sided
x(n)={----321}
(3) ) Infinite duration + left sided

n=0
@) x(n)={-—-33214,4———} — Duration infinite

X(n—n,) — Left

) X(—n)VS n — Mirror image about vertical axis.
x(n+n,) — Right

GATE WALLAH ELECTRICAL HANDBOOK



plot x(an) VS n

Case 1. a>1 x(n){1,2,3, £T1,5, 6,7,9} Decimation ,

n-0

x@n)={ 2,468
Case 2. a<l x(n)={l2,§,4}
x(gj:{l 020304

> Interpolation of zero

1: =0
5= i
0 : n#0

TS(H)

[ Signals & Systems

Properties:

(6N o[-n]=4[n]:Even

(2 dlan]=4n]

3 5[—an+b]:ﬂ—a(n—b/a)]zé[n—g}

(4) x(n)o(n) = x(0)5(n)
n=0
®) x(n)o(n—ng) =x(ny)6(n—ny)

(6) x(n)d(—an+b) = x(gja[n _ 9}
a a

@ s)xs(n)————=5(n)

8  oln]+d[-n]=25[n]

©) o[n]-o[-n]=0
) > s(K)=1

i S[K] lies between n, <K <n,
N0 else where

(ED IS

12) ZX(n)é‘(—an+b)=x(g)rﬁn‘:5(n_gj ig(b/a)

GATE WALLAH ELECTRICAL HANDBOOK
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[ Signals & Systems

01 23
u(-n-1)= _ 1 r’(_n_l)
Voo | R I
n=-l -3 2 -1

u(n)+u(-n-2)=(2)"
u(-t) ¢ gz —u(=n-1)

u(Nu(-n-1)=0

2 : n=0
u[n]+u[—n]={1 : n=z0
u(n) xu(—n)=a5(n)
u(n)+u(-n-1 =1

u(n)=§5[n—K] u(n) = Zn: J[K] |o[n]=u[n]—u[n-1]|

Ay (n)

12 3 4 5 >n

()= uln-K 1]

n-1

r(n= Y uK]

K=—0

Even - x(-t) = x(t)

X(=n) =x(n)

graph , must be symmetrical about the vertical axis.

2 0 _ Eg —o(t), 5(n),sinc(t),|t|,

[ x@ydt=2] xyet /=0 9 -0, 50 sinc(t). f
2 N0 cost, [sint]

—0

Odd Signal, x(-t) =—x(t) Graph Must be Symmetrical about origin.

X(—n) =—=x(n)
Eg- sint, sgn(t), t, 1/t, n, sinn
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[ Signals & Systems

xQ 0

[x®dt=0, > x(n)=0

(3)  Neither Even nor odd —
Eg- u(t),r(t),u(n),ot—-2),o(n-2)

X, (t) = X(t) +2x(—t) , X, () = x(n) +2x(—n)
Xo(t) — X(t) _2X(_t) ’ Xo(n) — X(n) _ZX(_n)
X, (t) [ X, () X, (£) | X, () X, X X, | X,
E E E E
E 0 0 0
0 E 0 0
0 0 E E
(1) Even Conjugate
(2 x(-t)=x(t) X(t) :Even Conjugate =Re [x(t)]=Even
x(—=n) = x"(n) x(n): Im[x(t)] = odd
x(t) | x(n) — complex
(1) odd conjugate
2 X(-t) = _X**(t) x(t) | x(n) complex
X(=n)=—x"(n)

For continuous time signal —

(1) Graph must repeat itself from —oo to +o0:- —co<t <0
2 X(t +To) = X(to _To) = X(t)

To = Smallest duration = fundamental Time period

To = +ve and constant , integer or non integer , rational or Irrational
Complex Exponential

X(t) = Ae) ) T = 2z

Acos(apt+¢) T,= 2z
@y

GATE WALLAH ELECTRICAL HANDBOOK
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X (t) X, (t) X(t) =%, () + %, (t) X(t) = XX,
P P ? ?
N NP NP NP
NP P NP NP
NP NP NP NP

Continuous time sinusoids or complex exponential are always individually periodic (irrespective of ®,)
The linear combination of above may or may not be period

Periodicity of Liner combination of C.T sinusoidal -

X(t)=A+Bcos(mt +¢)+Csin( w,t +¢,) —Dcos( et +¢,)
! ! !

2 2z

T T,=2%

T=
@ @ @3

S-1 1,7, T,
S-2 L:R, l:R x(t) is periodic.
T2 T3

LCMof Numeratar

$-3 T,=LCM(T, T, T,) = !
0 (T T2 o) HCF of Denominator

o HCE of N'
D= HCF (@, 0,2, = LCM of D
0

o, = K@, Kith Harmonic
@, =K a5, Ky,

oy =Ky,

Fundamental Time period — Minimum no of samples Which repeats itself

[X(n+1n,) =x(n)|

> N, #0, N, #oo, N=+ve, N, = Integer N, cannot be negative
>  Discrete time sinusoids and complex exponential are not individually periodic always
Steps — x(n) = Acos(a,n + @)

N = 27 /" R:periodic

S-1 = .
@, “\ IR:Non periodic

S-2 FTP=N,=Nxr (rissmallest integer which makes N, integer)
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Periodicity of under combination of discrete time signal —

X1 X2 X1 EX
P P P
P NP NP
NP P NP
NP NP NP

x(n)=AQ)" + Bcos(ci)ln+ #)+C cos(ci)2n+ @)+ Dsin(aén+ @)

Noy No, Nog

N, =LCM(N, N, N, )

Note:
C.T.S D.T.S
X(t) > T, x(n) =T,
T —an+b) =T, =P check
X(—at +b) = & X(zan+b) =T,
al
Px NP =NP Px NP =NP
NP should not be constant NP should not be constant

»  X(n)=Acos[a@,T]n

2

N = 2—” — Rational , —>Rational , E —> Rational
QO a)OTs Ts

Orthogonal — If inner product of two Signal is zero

[x©x0d=0, [ x®OxOd, 3 %) =0

<Tp>

2. x(mx;(n)=0

n=<Ny>

X(t)

(1) N.ENP—> X(n) — 100 at any signal value of t/n

(2) Energy signal — Must have finite energy for infinite possible duration .

P _ E (Joules) “finite
e T SeC N\(Infinite

=0

GATE WALLAH ELECTRICAL HANDBOOK 3.11
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. — Periodic — Can never be energy signal
Signals —

— Non Periodic — Amplitude finite

|
v v

Duration finite Duration = infinite

Amplitude at 7 or n

«Q 0

> Formula- E, = .[|x(t)|2 dt, E, = Z|x(n)|2

> |x(t)|2 =x?(t) for real value of x(t).
> If X(t) =x(t)+X,(t)

E.=E, +E, + [ x®)x ®)dt+ [ X ()% )t

2
If x,and x, are orthogonal
E,=E, +E,
Note : Signal Energy
X(t) - E,
X(t-1) — E,
X(-1) > E,
E
x(at) —> /
4
E
x(-at+b) —— /
4
2 E
—Kx(-at +b) —> | —x
4
E, = i |x(n)|2 |X(n)|2 =x?(n) for x(n) real

E,=E, +E, + 2 (XM + > K (M)
Average Value

Ng—1

O oy is eriodic T4 —>7(t)T—10 J, x(t)dt,i(n)zNi0

o

n=

x(t) ) is non periodic =X(n) = Liﬂ{nnzzwzx(n) /N},Y(t) =Tli_r>g%+]./2x(t)dt

=-N/ -T/2

GATE WALLAH ELECTRICAL HANDBOOK
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Power Signal
) — Periodic — Power signal when it is not NENP
Signals —
— Non Periodic — Amplitude finite
Duration infinite
! v l
t—ow=10 t—wo=#0 t——w#0
t—>—w=#0 t——-—w=0 t—+wz0
Periodic (To / No) Non Periodic
1 T/2
=T— J @ de=msv [x/ 0] =lim= | (o[ d =@
0 <Ty> _T/2

Avrage value of \x(!)\

_ B4, Energy of 1T, of x(t)
” Ty T

T/2 T/2
B =P, +P, +lim | xl(t)x;(t)dtﬂim_l_i [ %@ ()dt for non periodic
7 —>0

-T/2

2

If X (t) and x,(t) are orthogonal — B =B +B,

(1) Power signal has finite Energy.
_E >
ST
finite
(2) —Kx(-at+b)=|-K['P
3 Px:— X(t dt_
3) [Ixr T

T " 0

x(n) is power signal

x(n) is non periodic signal - P, = 2
(n) p g X N—>(2N 1)Z|()|

Causal non causal ant Causal:

(@) Causal signal x(t)=0 for t<0
X[n]=0for n<0, n<-1

Part of graph for —ve value of time =0

GATE WALLAH ELECTRICAL HANDBOOK
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(b) Non causal — Which is not causal

x,(1)
A x,(1)
causal
Non causal
P
. X(t)=0 >0 L .
(c) Anticausal —» Graph should be zero for +ve value of time including 0
x(n)=0 n>0
u[n] — causal Anti causal —Non causal

u[-n-1] - Anti causal

u[-n] - Non causal

/! _[ x(t)dt — finite — Integrable
> xt)

0

N _[|x(t)|dt —finite — Absolutely integrable

> i X(n) =finite - summable

n=—o0

o0

> |x(n)| =finite — Absolutely summable.

n=—o0

Bounded Signal — x(t) is Bounded

[X(t)| <M <0 —o<t<oo
(finite)

[X(@®)|<M <0 —0<t<ow
(finite)

Ex—  cost/sint, sgn(t), u(t), dc,e " a>0, J[n]

Static — output should depends only on present value of input
Ex-  y(t) =sinx@®)], y©) =[x*()|

Dynamic — Not static

Bx- Y0 =Even (O y(O) = X0, Y0 = | x(@)d7

GATE WALLAH ELECTRICAL HANDBOOK
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Causal and Non causal :

o Causal — output at any instant of time depends on either input at same instant of time or input at past instant of time.
(OR)

e Qutput depends on past or present values of input.

e Non causal — which is not causal.

e Anti causal — output depends on future value of input value

Linear equation : y=mx+cC

Non linear : Y2 =X,8iNX,C0SX

linear system : Additivity + Homogeneity

s.1 ):1(23 :z)>§1(2)>@ Sy Y, )

S.2 X, (1) —2> Y, (1) = X, (t) + X, (t) —> Y, (t) ..(ii)

Equation (i) = equation (ii)

s.3 A X(t)——, (t) ...(iii)
Avy(t)=2 .(iv)

equation (iii) = equation (iv) — Homogeneity is satisfied

X(t-t,)——| SIS | —oy(t-t,)

Identity definition of system.

X(t) ——>y(t)

X (1) —> Y, (1)

X (1) = x(t-1,)

yt)=2?___ ()
S-3 Mathematical exp. y[t—t,] ————(iii)

equation (i) = equation (ii) Time Invariant

Invertible — There must be a one to one mapping between the input and output .

GATE WALLAH ELECTRICAL HANDBOOK 3.15
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S-1 Replace xandy .

S-2 Obtain y completely in terms of x

S
s, -
x(1) [nverse
S-3 ——» s/s — (1)
system
Invertible
Inverse
> Inverse System may or may not be Invertible .

Stable S/S — Bounded input — Bounded output.
X(t) / x(n) is Bounded —

IXt) <M < og—o<t<oo

—finite

()| <M <o0;—oo<t <o

x(t) x(n)
- dc dc
Ex-
— u(t) u(n) o(n)

— sinusoidal sinusoidal

Then y(t) must be bounded

y(t) <N <o

|y(n)|sN o finite

> Finite — time duration

Bounded — Amplitude / Magnitude

1.2. Continuous Time LTI System

LS“ o0
.AL,F_, w0 = [ x@)h(t-7)dr
()

unit Impulse Response Y(t) = X(t) * h(t)
— Convolution operator

X(t)*h(t)= [~ x(@ht—2)dr =" x(D)h(t-2)dA

(1) A*B=B*A
(2) Cumulative: x(t)*h(t) =h(t)*x(t)

GATE WALLAH ELECTRICAL HANDBOOK 3.16
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(3) Distributive: x(t)*[hy(t)+h, (t)]=[x(t) *h, () +x(t) *h, ()]
(4) Associative: x(t)*[h () *h,(t)] =[x(t) *h (&) *h,(1)]

() yt)=x®*h(t)=A=AxA,
(6) x(t—-a)*h(t—b)=y[t—a-b]

(M) x(-)*h(-t) =y(-)
(8) x(a)*h(at) :é y(at)

(9) Ax(t)*Bh(t) = ABy(t)

10) (d”x(t)jx[dmh(t)j:d”’*”y(t)
dt" dt" dt™

Standard Result :

(1) x(t)*s(t) =x(t)

(2) x(t—a)*s(t—b)=x(t—a-—b)
@) sM®)*s(t)=o(t)

@) oM)*o(t)—————-— =45(t)
(5) o(t-a)*s(t—b)=5(t—a-—hb)
©) x®*u®=[ x(@dr

(1) ot)*u(t)=u(t)

(8) u(®)*u(t)=r(t)
(9) u(-a)*u(t—b)=r(t—a-b)

(10) u(®)xr(t) = p(®)

A h)2
(D) u-ay*r(t-b) - pt-a—b) -2y _a_)
Ax(t) Ah() £ 50
A B ABT |oeeeeemnn .
(12) < T > < T > (AB>0) . S—_AB
>t b S =+4B
T 0 T , e
Same duration
A x(t) A h(t)
A A _
(13) N R
» t >t
0 T ! T,

GATE WALLAH ELECTRICAL HANDBOOK
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— Upto slope variation (Ramp variation)
Sinusoidal Non Sinusoidal —

—» Beyond slope variation

X(t) Slope Dx(t)dt — Slope
S=0 S=0 —> Part of time axis
—
S =+/m/ S—um i
C—{>——0
A S=40 —> Upward Impulse = A
* }Az S=-0 — Downward Impulse =-A,

Integration: x(t), y(t)

/" Runninglntegratio
NvArea of x(t) from—co upto t

yO =] =x@at
Method (1) x(®)*u®=]" x()dx

/" Same duaration (Triangle)

Method (2) Rectangular pulse — . ) ]
s Different duration (Trapezoidal)

Method (3)  y()=" [x(t+1)+x(t-1)]dt
Method (4) Timeline Method
y(®) =x@®*h(t) =] x(m)h(t—1)dz
S-1  Given: x(t) and h(t)
S—2 x(t)and h(t—1)
S—3 Make time line of X(t) vs tand h(t—1) vs t

S—4 Vary t and determine the integration

Method (5) Graphical Method

y(t) = x()*h(t) = j: x()h(t —1)dt

GATE WALLAH ELECTRICAL HANDBOOK 3.18
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S-1 Given: x(t) andvst and h(t) vs t
S-2 Xx(t)vst and h(r)vs t
S-3 h(t-71)vst

fold

h(t)vs t——=—h(1) vs T%h(t —T)VS T

S—4 Vary t and calculate integration

Note: Before solving the problem of convolution decide the range of convolution

1.2.1. Discrete Time L.T.I. System

x(N)—[ h(n)  [——>y(n)=x(n)*h(n)

0

y(n)=x(n)*h(n) = >’ x(K)h(n—-K)

K=—x0

h(n) : unit impulse response of D. T LTI system

Or

Mathematical representation of D. T LTI system
Or

D.T LTI system parameter

x(n)*8(m) = > X(K)5(n— K)=x(n)

xm)*um =3 x(Kun-K)= > x(K)

K=—0 K=—0

Standard Result :
@)  8(n-n)*8(n—n,)=8(n—-n —n,)

2  x(n-n)*8(n—n,)=x(n—n,—n,)
3) u(n)*u(n)=(n+1)u(n)

@) u(n+a)*u(n+B)=r(n+a+B+l)=(n+o+B+L)u(n+oa+p+1)

v v
Either x(#) or h (n) or both Both x(#) and h (») arc of
arc having infinite duration finite duration
0 Tabular Method
y(m)= 3 x(K)h(n-K)
K=
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Basic Methods :

)
)

©)

By using standard Method
Time line Method : y(n) D" x(K)h(n—K)
K=—0

S.1 X(K),h(n-K)

S.2  vary nand calculate summation .

Graphical Method: y(n)= i X(K)h(n-K)

K=—0

s1  x()VSK
S22  h(K)VS K —9 5h(-K) VS K —R9_sh(n—K)VS K

shiftby n
S.3 very n and calculation summation .

x(n) =1, h(n)=m, y(n)=l+m-1

x(0) x(1) x(2)
h(0)[ x(0)(0) " x(1)A(0) x(2)1(0)

k(1) | x(0)A(1) x(DA() X(2)h(1)

h(2) |x(0)h(2) x(1)h(2) x(2)h(2)

/"t < 7(above system behaves as non causal system)

y(t) = T X(Dh(t —1)dz
Z it > t(above system behaves as casual system).

h(t—1)=0 t<t

h(t—1)=0 t—1t<0t—1t=p h(t)=0,for t<0
h(p)=0 p<0
h(t)=0 t<0

h(n-K)=0 ; n<K ; n<K-1

h(n—-K)=0 ; n-K<0 ; n-K<-1 h(n)=0for n<0
h(p)=0 ; p<0 ; p<-1 n<-1
h(n)=0 ; n<0; n<-1
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x(t)——[h®)]—> ()
Let |X(t)| <M<

|X('[—‘C)|S|\/| <00

¥ < [ M| N

B /"N :finite
N=| M |h(r)d 2
_[ng' LN [ In@fdx - finite
For discrete :
ly()| < ZMh(K)[| >N IX(n—K)| <M
N=MS|h(K)| > finite, S Jh(K)| > finite
Note : h(t):e ™ =e *u(t) +e*u(-t) : stablesystemwhen a >0

h(n):d" =a"u(n) +a "u[-n—1] stable system when |a| < 1

1.3. Static and Dynamic System

For an L.T.I system to be static the unit impulse response h(t) / h(n) must be an impulse signal.

X(t) PO [h O —yO=x(®)
Y. (®) =[x(®) *h(t)]
y(®) =y, (1) *h, (t) =x(®)*[h (¥) *h, (1)]
Ha)
y(t) = x(t)

h()*h, () = S() = H.(S)=ﬁ

»  Fordiscrete H,(2) L
H(2)

. ds(t .
> Unit step Response : S(t) :% =h(t) unit impulse Response

»  Unit impulse Response : h(t):>J‘t h(t)dt=s(t) unit step response
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For discrete :

Unit step - s(n), s(n) —s(n—1) =h(n): unit impulse response
Unit Impulse - h(n), Z h(K) = s[n] unit step response
K=—0

LTI System in Cascaded :

()R (1)
0
X(1)* hy (1)
A o h(0) Y1)
h(1)
x(1) by (1)
X(t) ——[ht|——yt

ht =h, (t)*h, (t) *hy (1)

LTI System in Cascaded:

x(t)——{h ()| ——|h, ()| — ¥ (1)

X(t) —— ({1, *h, )] —y()

000
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CONTINUOUS TIME
FOURIER SERIES

2.1. Introduction1

: Sinusoidal
X(t) = Asino,t é ml_JSO.I a
N\ Periodic C — o,

Fourier series is the representation of time domain non sinusoidal periodic signal as the weighted sum of harmonically related
, mutually orthogonal sinusoids .

2.1.1. Trigonometric Fourier Series:

x(1)
4

AN WAL
rAveRTare

Xes (t) =@, + i[(a11 cosn m,t) + (b, sinnw,t)]

2
T,=="
@
a,,4,,b, — Trigonometric Fourier series coefficient
[ x@adt

area of x(t) in T,
TO TO
ap D.C value or avg value or mean value of x(t)

3 1
a, = a, = T jTO x(t)dt

2
a, zﬁj‘n X(t)cosnaytdt=f (nw,) :n>1

2 .
b, :ﬁ-[To X(t)sinnoytdt=g(nw,):n>1

x(t) o an bo
Real Real Real Real
Purely Imaginary P.1 P.l P.l
Complex Complex Complex Complex
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X(t) =1, + > r cos[nst — ¢, ]
n=1

r, —dc component of time domain nonsinusoidal periodic signal x(t).

e  frequency of dC component = OHz
o Amplitude =ro

e  Power=r1}

o rms value = ro

I cos(Kamyt — ¢, ) = K™ Harmonic of time domain nonsinusoidal periodic signal .

> Frequency of K™ harmonic = Kay rad/sec , Kfo Hz
> Amplitude of K™ harmonic =1, =.faZ +b2
> rms value of K™ harmonic = r /~/2
2
> MSV value of or power of K" harmonic = %K

Xes (t) =1, + 1, cos(yt — d,) + 1, COS(2m,t —¢,) + 1, COS(Bot — )+

x(1)

R =
.............. 2NN
—A —>|
21
Ty=—"
Wy
2 2 2 2
X (t) =17 +% +%+%+_ =% Parseval Theorem

S-1 T,

S-2 a,a,b,

S-3 r=a,r=ya?+h?n>1
S—4  find value of n for which r, =0

r. =0 K™ harmonic is absent .
Complex or Exponential Fourier series — x(t) is real .
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X(t)= Y C,e"
Co==[ xtydt=a,=r,a
O_TO T _aO_ 0

gt

Cn=ij x(t)e "™ o <n<oo
T, 7T

a, b
1 C="-j2|n>1
@) =515
a, bl
2 C,=—2+]2>nx1
) =5 TS
3) Co=3,
@ [G,=C,
r
5 Cl=2:nx1
6 [Cl=3
/C, = tanl[b—”J n>1
a,
r
6 C.l== ; n>1
® [C.l=73
/C_ =tan™ [b—” ]:n >1
a,

(") |C,|=|C_.,| > Magnitude spectrum : Even

(8) «C,=-«C_, — Phase spectrum : Odd

C,=-|C||

Note: As Long as x(t) is real .

—|C,| vs neo, —>Even

ZC, vs no,— Odd — It may looklike even when ZC, is multiple of x.
(6) absent frequency — If |C,|=0, C, =0
—> n™ harmonic will be absent.

(7) Amplitude of K™ harmonic : r, =./a% +bZ =2|C,|

rms value of K™ harmonic : < = J2|C,|

2

2
Power of K™ harmonic : %K =2|C, [
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Type 1 —validity of Trigonometric Fourier series and calculation of harmonies —
e Procedure Check the periodicity of given signal

b v

If x(r)is P If x(¢) is NP

o Givenexpisvalid F.S
e Given exp is not valid F.S
e Calculate harmonics
Type 2 — Calculation of complex F.S.C of sinusoid or combination of sinusoidal :
o /' 2nlT,
0 N\ o, =HCF(0,0,, )
S.2 Write x(t) in exponential from .
83  x(t)=XC.e"™ replace ao
S.4 Compare S.2 and S.3
» Calculation of T.F.S coefficient when sinusoids are mentioned-

S.1 Calculate

S-1 Calculate o,

. 0O =Ka,
S-2  Calculate the harmonics
o, =K,o

(0]
S-3  Final values of a,,b,
Type 3 — Questions based on properties of Fourier series w.r.t complex F.S:C

1. Linearity- g(t) = Ax (t)+ Bx,(t)«—g, = AC, + Bd,
i I

Cy d,
2. Time shifting property - g(t) = X(t +t,)«=¢—>d, =e""C,
C,—X(t)

|gn| :|Cn| ’ Zgn = fcn_ na’oto
x(t)

3. Time Reversal - X(t)«—5->C, =C, Vs na,

g(t) = X(_t)—) gn = C—n = gn Vs na)o
N

g(nay)="f (-nayp)
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x(t) C,

E E

0 0
NENO NENO

4. Time Scaling— T,,@, X(t)«=<->C,=C, vs nao,

(%’),(awo) g(t) =x(at)«==->C, =C, vs n(aw,)

Time domain Frequency Domain
Compression R — Expansion
Expansion R — Compression

5. Complex conjugate —
w, T, Xt)«==>C, vs no,

(o]

@, T, 1gt)=x*(t) «>g,=C.. =g, Vs o,

X(t) C,
Real — | Conjugate symmetry =C,=C,=[C,|=[C,|.«C,=—C,
Imaginary — Conjugate Summitry =C,=-C, =|C|=|C_,|.£C,=—«C_, +180°
Conjugate — Real
Symmetry
Conjugate anti —— Imaginary
Symmetry
X(t) Cn
RE RE
R O I O
I E I E
| O R O

(6) Multiplication by complex exponential function.

T,0, X({t)«F5-C, >C, VS N,

g(t)=e™*" x(t)«—>9,=C,_, =g, Vs Na,

g(t)=e ™ x(t)«—g, =C,,, =0, Vs N,
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(7) Differentiation : T, @, : X(t)«=->C, =C, vs no,

To,a)o.d th) «——(jnw,)°C,
dt
(8) Integration Property : T, @,:X(t)«—5->C, = C, Vs na,

C,
N,

Ty, p:0(t) = Ix(r)dﬂ—)

—0

=0, =9, VS N,

(9)  Periodic convolution - x,(t) and X, (t) are both periodic with some time period To.
X 1) *% ) = [ % @)%t -7)dr
T,

Multiplication in time domain :
Tyo, X(t)—>C,

T, X()—>d,

g(t) =x ()X, () «—g, =C,* d,

——>  Tabular Method
Type 4 — Symmetry :

(@ Even:-Evenin

/—'\\
I\)l —
N |
N—

o

=

|
N |o—1|L
N
N

o

=
ZF N
N |c7_||
N |o_||
N

(b)  Odd :- odd in (% TO)
(c) Half wave symmetry .

(8 Odd HWS - x(tiT—z‘)j:—x(t)

(b) Even HWS - x(t+ ] x(t)

Effect of symmetry on T.F.S Coefficients .

Case 1: X(t) is even

/‘ 0
\.;tO

> dc value may or may not be present.

but b, =0 always, a, : will not be zero for all value of n.

> Harmonic of cosine decided by a,
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> All sine harmonics are absent.

> Frequency — OHZ —decide by a,
» Other frequency —decide by a,
Case 2: x(t) is odd

a,=0, a, =0, b, > will not be zero always.
»  dcis absent, all cosine harmonics absent, sine harmonic decided by a,
>  OHZ—absent

Other frequency —decided by a,

Case 3: x(t) is HWS-

a,=0 b,=0n:even
a =0 forneven Toc? :
R b, == [ x(t)sin +mtdt
=— I x(t)cosna,t dt n:odd o ol2
0 -T,/2
dc is absent

all even harmonic of sine / cosine are absent.

all odd harmonic of sine /cosine are present .

YV V VY V

OHZ: absentand f,,3f,,5f, will be present .

Case 4: X(t) is Even + HWS (odd)

a,=0, a,=0 n:even
a,#0 n:odd

n n

dc absent
all harmonic of sine and even harmonic of cosine are absent.

all odd harmonic of cosine are present.

YV V VY V

OHZ — absent, f,,3f,,5f, ———prestent
Case 5: X(t) is odd +HWS
a,=0 b, =0 n:even

a =0

n n

b,=0 n:odd
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dc absent
all harmonic of cosine and even harmonic of sine —absent .

odd harmonic of sine will be present.

YV V V V

OHZ — absent, f,,3f,,5f, — presens

X(t) <= X (@)

X(w) = T x(t)e dt, X, (@)= TTZ x(t)e *dt

—-To/2

T,/2

X+, (Nay) = j x(t)e "t

—Tol2
X(t) BT X (S) X (S)—S=ie s x(w)F.T
LT
X(8) = [ x(t)etdt——ROC s= jwis part of ROC.

Property =Xx(t)—— X(w) then
D xt-t)=e X (o) X=X

ol X(t=t,)«—>e X (s)
2)  x(t+1t0) =X () .

X(t +10) «——>e> X (s)
1)  S(t)«Fs1
x(7)
A

A T

e ——X(@)= AT Sa[%}
T o T Area
2 2 Half of duration T
>
x(1)

A T

(3) AT«—— AT Sa® {%}—X(m)
Area
T _ duration
-T 0 T 2 4

(4) u(t) <—L>§

2

(5) tu(t) <——>Si
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(6) t”u(t)<—>st]]—+!1

(7) sin (Dot U(t)(—)%
S° +
S
(8) cosmpt ut)¢—>——=
S° + oy
Important Observation :
x(t)
FSC 1
Ty
>/
-2T,-T, T, 2T,

x(t) : HWS + Step
N

«—> C,=Cpysin C(gj

: | —> ¢
@) T, L L T, G
4 4 n

n:even/ \n:odd
C,=0
|Cn|=(ﬁ}<l
n n
NO HWS + Step
Ax(t)
«—> C,=C, sinc(ﬁj
3) : : > 7 1 .
=T, i E T, ‘C |0L—
6 "
x(1) duration
A ﬁ
! ey
«<—>(C,=CysinC
4 : > 0
;TU_T' T‘ -1, 1
2 2 |Cn|(x— FTP
n

x(t):Similar + HWS

N/ N/ \__ e 2]
\l/ | W \ C,=0 n:even

n:odd
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x(r)
" 2
/\ \ /\H cw-afsne{ 5]
o
T, L L
x(1)
F 3
- A
«—>C, :E
nm
21, T 0 7 27,

Type 6:  Parseval Theorem

X(t) : Power signal, which is periodic with F.T.P T, absolute or Exact power X(t):

__Ix (t)dt (If x(t) is real)

0 Ty

== j X[ dt

OTO

P, a0+z{i+b—2}

Note: X(t) «=X—>C,
@ R=XIC[

@ xt)=> Cce™ =x0)3|c, e

Drichlet’s condition -  Only sufficient condition not necessary

x (1) 1s periodic with T,

x (t) follows D.C x (t) does not follows

fourier series will exist

fourier may or may not be exist
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(1) Any nonsinusoidal time domain periodic signal can always be Exactly written as weighted sum of Harmonically related

naturally orthogonal sinusoids is not completely true.

(2) Fourier series a nonsinusoidal time domain periodic signal converges at all points on the nonsinusoidal time domain

periodic signal is not Exactly True.

(3) The Fourier series representation of T.D. non sinusoidal periodic signal converge at ALMOST all the points on time

domain non sinusoids periodic signal, except at the point of discontinuity

X :NS. +P Fourier Series
Continuous in Amplitude —— Fourier Series converges at all points
Discontinuous in Amplitude —— Fourier Series converges at almost all the point except the point of discontinue
x(1)
A

— | ALMOST CONVERGES

0] To
2
-A
x(7)
2
\ T2 — |ALWAYS CONVERGES

000
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FOURIER TRANSFORM

3.1. Continuous Time Fourier Transform

e X(t) is non periodic signal
o X() PELANENG ¢ ()
® X (0)) = J.OO X(t)e_Jwtdt or X ( f ) = J-OO X(t)e—Jantdt

e X(w)=05(w)

. X(f):s(znf):z—lna(f)

Note : For applying F.T formula x(t) should be N.P and absolutely integrable.

x(t) Formula of F.T F.T Exist
Energy Applicable Yes (always)
Power Not Applicable Always Exist — > Limited sense
NENP except 3(t) Not applicable No
o(t) Applicable Always Exist X (o) :J-oo x(t)e tdt, X (f) zjoo x(t)e it
X(t) <1 X (o)

x(t):2i Jjo X (w) e*'dw— rad/sec

[ E—
volt/(rad/sec)

X0 = [ x(f)eldf

volt/Hz
volt

X (o) =| X ()| &’ 2x()

X(f)=|X(f)|e' ()
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(1) Linearity

X (1) X, ()
X, ()X, ()

g(t) = Ax (t) + Bx, (f) «—— G () = AX, () + BX, ()

Time shift - X(t)«— X(w)

X(t—t,) e X (w)=e 1" X ()

X(t+1,) e/ X (w) =™ X (f)

» Does not affect the magnitude .

>

X(t-a)+x({t+a)

X(t+a)—x(t-a)

2

X(t-a)+x(t-a)

Signals & Systems

«——> X(w)sinaw

<« X(f)sin(2rza) f

2

Frequency Shifting

Modulation Property

> X (w)cosaw, o
> X (f)cos(27za)f, X(L+ a)2—_X(t —a)
X(t) <> X (@)

X (t) «—>X (0-a)
e X(t) ¢« X (0 + @)

COS @t X(t) «—> X(@0—a,)+ X(o+ )

2
sin et X(t) < >X(“’_“’0)2_jx(a’+wo)
cos 27 f,tx(t) < X”‘*J;Mf+%)
sin 277 (1)< >X“‘*J£X(f+%)
X(t)——> X ()

cos 27 fot x(t) , X(F = o)+ X(f + fo)

2

X (f = f,)=x(f + f,)
2j

sin27z ft x(t) «—>
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Xt)e—X(w) | x(t)«—>X(f)

Time Reversal

Time Scaling

X(—t) «— X (~w)| x(-t) «——> X (- f)

X(t)«—> X (@) X(t)«—> X (f)
1 f
x(at) «——— X( j x(at)«———X (—j
g ol \a
X(t) «— X ()
d):jit) > joX(w)—> valid only when x(t) =0
dx(t)

ot —2«——2jrf)X(f)

If X(t)=0, X(t) =K then X(w) = J( )+FTof[K]

)

()

3)

3)

(4)

Q)

(6)

S(t)«FI>1

ot—a)+o(t+a)

= Cos(a
. (20)

o(t+a)-o(t—a)

=sin(a
2] (aw)

One sided exponential , x(t) =e *u(t),a>0

1
X@= o)

1

X(t) =e*u(-t)«— _
(a—jo)

2a
a’+w

Two sided exponential = x(t) =e ™ «— X (») = 5

2jw

x(t) =e ¥ sgn(t) a>0,«—X(w) = .

dx(w)
do

a’+w

Multiplication - tx(t) =+]j

t"[e*u(t)]=

n+l

(a+ Jco)
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(7)  Even Triangular pulse:—

x(t)
A

AT «—> X(0)= AT Sa{ﬂ}

Arca 2
Width

4

> !
=T T T

Fourier Transform of power signal (Type II)
or
Periodic + Non periodic
» Formula not applicable , properties applicable .
> Limitedly defined F.T so can . not be calculated by L.T.
»  Obtained by limiting Type 1 signal.

1) 15 275(w)
15 5(1)

@ e joix@)-FTEO]

(38) cosayt——> (v —@y,) + o (v — @,)

or

1 1
SO =)+ 25(1 + ;)

(4) sina)ot<—>%[5(a)—a)o)—5(a)+a)o)]

or

LI5(f - £)-8(F + 1,)]
2]

Duality X(t) <« X (w) X(t) <=1 X (f)
X))« o2xx(-0)  X(t)«FEox(-f)

Steps :
(1) Identify the x(t) and try to obtain X (w) from x(t)
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(2) I step 1 fails then
X(t) —=2>G(w)
or
X(t)|,_,, =G(w)
(3  9)«—1>G(w)

G(t) <« >279(-w)
Important Result:

x(t)
A
(sm atj FT
mt
0 >
X(w)
a
T
(sin at jz Tl
mt
—2a a 2a >
x(1)
A
1) -
«——Sa(w) = SO o sine(w) or sa(w)
0 >
X(o)
Fy
2 Sinat or sa(t) or sinc(t) > o
x(t)
@)
inw \’
>t (—)[S J or sinc*(w) or sa’(w)
®
X(w)
(4) ) . 2
sin ¢*(1) or sa’(t) or [smtmj
T
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1) X(@= T x(t)e “dt

—00

X)), , = T x(t)dt
Area of x(t) = T X(t)—>FT X(w)|,_,
(2) (i) Areaof X(w)= ]9 X(w)dw=27x(0)

(i) x|, = T X (f)df

Convolution x, (t) «— X, (w)
X, () ¢ X, (@)

% (1) * %, (1) <= X,y (@) X, (@)

Note: Asin ¢ (at)*Bsinc(pt) = ABEsinc(kt)} m = max (a, )

K =min («, §)

Multiplication in time domain

! x _ 4 _
Xl(t)-Xz(t)<——>z[X1(a)) Xz(w)]—zﬂixl(ﬂ)xz(w A)dA

X () X% () X, (F)* X, (f) = T X, (DX, (f —)da

Integration Property —

_ X(@)

j x(7)d7 = X(t) *u(t) «— X () {_i + ﬁa(a))} o X (0)5(w)

Jo

—0

Complex conjugate - X* (t)«—— X (@) or X (-f)

Important table:

X(t) X(w)

Even Even

Odd Odd
NENO NENO
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X(t) X(®)
Real Conjugate symmetry
Imaginary Conjugate anti symmetry
Conjugate Symmetry Real
Conjugate anti symmetry Imaginary
X(t) X(w)
RE RE
RO 10
IE IE
10 RO

(1) 1x(t)h(t)dt:%1X(w)H(—w)dw=zX(f)H(—f)df

@) onz(t)dt:%iX(a))X(—a))da)sz(f)X(—f)df

0

2

3 [ xoh =i°f X (0)H (@)do= T X (f)H*(f)df
72-400 —0

—0

0

(4) .[x(t)x*(t)dt=iijiX(a))X*(a))da):IOX(f)X*(f)df

—0

F.T of Gaussian Pulse

I etdt =7 e <——>\/§

—0

—nt? —rf?

€ <€

LTI System

X(t) —— ()] ——y(®) =x®) *h()

X(@)  H(o)  Y(o)
Y (@) =|H(a)| | X (e)]

Y (w) = LX (w) + ZH (w)

1% 1%
> E, =Zj|y(a))|2 dw=§J|H(w)|2 X (o) do
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0 0

= [IV(H)df = [[H(E)F[X(F) df

—0 —0

Eigen values and eigen function —
/" eigen value of LTI System

Eigen function of LTI S/S JL)——)y(t) = Kx(@)

LTI

X(t) =% ——[H(S)|—— y(t) =e*'H (S,)

v Real or complex or 1

X(t) =e'" ——[H (o)) ——> y(t) =e"*H (o )

Acos ayt——[h(t) - H (w)|—> y(t) =Acoswyt|H (@, )
even eigen value
Asin oyt —>|h(t) <> H(0)|— y(t) = Asingit|H (@)
h(t) H (@)
R E R E
RO 1 O
I E | E
I O RO

Acos(ayt + 0)—|h(t) <> H (@)[——> Acos(wy,t +8)H ()

Asin(apt +0)——|h(t) <> H (@)|——> Asin(ayt + 0)H ()

Acos( gt +06) ! AlH (e, )| cos( @yt +0+ 2H ()
,i\sin(a)ot + 49)_—) h®) >H{e)— AlH (e, )|sin( @yt + 6+ 2H ()

not an eigen function

Case 1 h(t) is even / H(w) iseven
> Both Asin (ot+6), Acos (a,t+8)will be eigen function with same eigen value
H(w,) not necessarily real .
Case 2 h(t) is real and even
»  Asin(a,t+6) and A cos(a,t + ) are eigen function with same real eigen value H(w,)
Case 3 h(t) is real .

» A cos(a,t+6)and A sin(a,t + 6) is not an eigen function.

000
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LAPLACE
TRANSFORM

4.1. Introduction

Bilateral T.F X(S) = T x(t)e dt =F.T[x(t)e ]

Unilateral T.F X(S)=Ix(t)e‘s‘dt

o

Note: for X(S) to be finite or for X (S) to converge

S-1 x(t)e™™ must be absolutely integrable .

T [X(t)e | dt — finite

S-2 X(S)= T x(t)e *dt

1
X(s)= When Re{S!>—o;
X(t):e—sgtu(t) B.LT (s) S+S, { } 0

X(s)=o  When Re{S}<-o;

> ettu(t) s X(S)=—
S+S

ROC: Re{S}=—Re{S,}

0

Pole: S=-S, Re{S}>-Re{S,} RHP
e U(t) s X () = —~

5_s,
Pole: S=S, Re{S}=Re{S,}

RHP  Re{S}>Re{S;}

—*u(-t)—

0

" =ROC:  Re[S}<Re(s,]
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(1) Linearity - x(t)«—>X,(S) ROC:R,
X, (t) «—> X, (S) ROC R,
Case 1l g(t) = Ax (t) + Bx, (t) «—>G(S) = AX,(S) + BX,(S):ROC:R NR,
—>RS.R
— LSS

— Double sided
Case 2: g(t) = Ax (t) + Bx, (t) «—>G(S) = AX,(S) + BX,(S)

Finite duration + absolutely ~ ROC — entire S plane

(2) Time Shifting-  X(t) <21 X(S) ROC:R,
X(t—t,)«—>e " X(S) ROC:R,
X(t—t,) «——>e™ X(S) ROC:R,

(3) Multiplication with complex exponential
X(t)«—>X(S) ROC : Re[S]
e* ' x(t) «—>X(S-S,) ROC:Re{S-S;}
e ¥ X(t)«—>X(S+S,) ROC:Re{S+S,}

> B.L.T always have associated ROC with them .

(1) R.O.C may or may not include zeros of X(s).
(2) R.O.C can not includes poles of x(s)
be cause X(S=S,)——o ROC is either (1) Right ward of pole
(2) Left ward of pole
(3) Bounded between poles

(3) If x(t) is absolutely integrable then ROC of X(s) must include jw axis.
(4)  x(t) — finite duration + absolutely integrable . ROC of X(s) will be entire s plane
(—0< o <4x0)

(i)  Impulse signal

(i)  finite duration + finite amplitude
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/" X(S) does not exist even for single value of &
(5) x(t)is RS.S
N If X (S) exist then ROC will be right of right most pole

/" X(S) doesnotexist even forsingle value of &
(6) x(t)isL.S.S
N If X (S) exist then ROC is left of the left most pole.
/" X(S) doesnotexistevenforsingle value of &

(7)  x(t)isB.S.S
N If X (S) existthen ROC will be in strip formbounded between poles.

Some Important Results:
1) ot)—>1 ROC:entire S plane
1

@ u—g Re{S}>0
3) —u(—t)—>% Re{S}<0
1
4 Myt R -
4) e u()—>S+a e{S}>-a
(5) ea‘u(t)—ﬁé Re{S}>a
1
(6) e u( t)—)SJra Re{S}<-a
7 e — a22—a82 —a<Re{S}<a
8 e () —>— - Re{S}>0
S+ jw,
(9) COSa)Otu(t)—>% ROC:Re{S}>0
ST+

(10) sinapt u(t)—>sz%;o§ ROC:Re{S} >0
_ S+a)

at t t\ B.LT N ( R S O
e cosaptu(t) o+ e{S+a}>
—at «3 L. @
e singytu(t) <> (S+a)g+w§ Re{S+a}>0
Time Reversal - x(t) «—> X (S) ROC: Re{S}

X(—t) «—> X (-S) ROC:Re{-S}
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Multiplication by t x(t) «—— X(S)

() > STL ROC:Re{S} >0

tx(t)—>—i X(S)
ds

x(1)

0l
x(t) = Asint[u(t) —u(t — 7)]

-7S
X(S) =A(1+—62) ROC : entire S plane .
1+S
x(t)
A
p(t)
P<>P(S)
>t
T 2T 3T

x(®) =p®)+pt-T)+pt-2T)———

X(S):% only when >0
Time Scaling X(t) <2 X (S) ROC : Re[S]

X(at) 2> L x (ij ROC: Re{§}

laj \a a

Divide by T property  x(t)«—> X(S) ROC: Re(S)

X(t) I :

e [ X(s)ds ROC: Re[S]
M 1/ eu(t) When Re{S}>-a

(S+a)\y —eu(t) When Re{S}<-a
1/ te?u(t Re{S}>-a

@) (t)

(S+a)*\y —te*u(-t) Re{S}<-a
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@) 1/ u@) Re{S}>0
SN —u(-t) Re{S}<0
o, /' sinotu(t) Re{S}>0

@) )
S+, v —sinmgtu(-t) Re{S}<0
) S / cosotu(t) Re{S}>0
S?+m; v —cosmytu(-t) Re{S}<0

Important Tables:
(1) Tablel: X(S): Rational/ Irrational

ROC is known and x(t) to be calculated

ROC X(t)
RHP —> R.S.S
LLHP— L.S.S
STRIP—— B.S.S

(2) Table 2 : X(S): Rational/ Irrational
Nature of x(t) is known and ROC to be decided.

x(t) ROC
R.S.S R.H.P
L.S.S L.H.P
B.S.S STRIP

(3) Table3: X(S): Rational

ROC is known and x(t) to be calculated

ROC X(t)

RHP —> Causal
LHP—— Anti causal
STRIP —— Non causal

(causal + Anti causal)

(4) Table4 X(S): Rational

Nature of x(t)is known and ROC is to be decided

X(t) ROC
Causal R.H.P
Anti causal L.HP
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Non causal STRIP

Note : (1) IfROC is entire s plane then x(t) will be finite duration finite amplitude
(2) If X(S) is irritation then always calculate x(t) to check causal, anti-causal non causal nature.

no.of non repeated
complex conjugate

No. of R.O.C = No of I.L.T = \Pores

+ (no of non Repeated Realpoles)+1

/'D.N.E ROC 5>R NR, = {0}

X(8):R——[H(S):R,|—>Y(S)

\Exist
Y(S)=X(S)H(S) ~ ROC:R NR,

Differentiation in time domain .
x(t)—2=L 5 X(S) ROC:R,

di;it) —BLT ,9X(S) ROC:at least R,

Integration in time domain .

j. x(t)dt——>

—o

X(t)*u(t) —> /DNR
R, Re{S}>0
\@Roc:am[Re{s}w]

Stability of an LTI system — for an LTI system to be stable

(1)  h(t) must be absolutely integrable
(2)  For h(t) must be absolutely integrable, H(S) must include jo axis.

Causality of an LTI system-

(1)  h(t) must be causal signal .
(2) Foran LTI system having rational H(S) : ROC of H(S) must be right of right most pole.

Anti causal of an LTI system - h(t) —— anti causal

ROC of rational H(S)—— Left of left most pole
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Non causality of an LIT system - h(t)—— Non casual

For rational H(S):ROCmustbeinstripform.

Causal and stable - H(S) rational —All the poles of H(S) must be in left hand side S plane

H (S) Irrational — (ROC include jo axis) (1 h(t) is causal .

Anti causal and Stable  H(S) rational : All poles of H(S) must be strictly on right half side of S — plane.

H (S)Irrational =( ROC include jo axis )N (h(t)is anti causal)

Non casual and stable - H(S) rational : Poles of H(S) must be located on either side of jo axis

H(S) Irrational : (ROC includes jw axis) (] (h(t) is non causal)

(1) H(S): Rational

ROC LTI System
R.H.P Causal
L.H.P Anti causal
STRIP Non causal
2)
LTI System ROC
Causal RHP
Anti causal LHP
Non causal STRIP
Unilateral L.T X(S) =Ix(t)e’3tdt No ROC exist
4
ULT {x(t)} = BLT {x(t)u(t)}
(1) Differentiation property
%(L)SX (S)—x(0")
2 _
dd’t‘z(t)<L>SZX(S)—5x(o-)—$

(2) Integration Property —
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0

J. x(r)dz

t
j X(r)dr¢— XES) +2
S S

(3) Time Shift—

X(t—t,)«=—>e "0 X(s)
!

Causal

(4) Convolution: xt)=u®)*u(t+)=r(t+2
1 1 1
XO)=5"5"%

Linear constant coefficient differential equation —
A D.E will represent a liner system if and only if

(i)  No higher power of x(t) and its derivative and y(t) and its derivative are allowed.
(i)  No product term of x(t) and y(t) and their derivatives are allowed.

(ili)  No addition of constant term

X(8)——[H(S)——Y(S)

If initial conditions are zero:
(1) T.F can be calculated
(2) y(t) can be calculated from T.F

(3) Ifinitial condition not zero — T.F can be calculated but y(t)can not be calculated from T.F.

Transient Response

T
Casel.  X(t)=0——>/h(t) > H(S)|[—— y(t) = Y,z (5)
J Zero input Response
I.C #0
Steady state Response
T
X(t) # 0——|h(t) <> H(S)|—— y(t) =Y, (S)
J Zero State Response
.C=0
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X(t)——|h(t) <> H(S)|——>y,(t) : Poles of input forced Response,

X(t)——|h(t) &> H(S)|——y(t): Poles of system Natural Response,

(1) Applicable only when x(t) is causal.
(2) Helps in calculation of initial value x(0") not initial condition x(07)

x@):%

Note: while applying 1.V.T common factors in N(S) and D(S) must be cancelled out .

X(t) is casual
X(s) > D" >N’

lim x(t) = gim SX(S)
t—>o" —>0

4.2. Final value Theorem

(1) Applicable only when x(t) is casual .

(2) While applying F.V.T common factor must cancelled out.

!I_)FE x(t) = Isl_r)rg SX(S)

Case : 1. If all poles of SX(S) lies strictly in LHP .

(i)  Final value is finite

(i)  FVT applicable
Case : 2. If poles location of is SX (S)as shown below .
7

XSingle

Non repeated

A\ 4

NE
ray

(i)  Final value is indeterminate.
(i)  FVT is not applicable.
Case : 3. Inall other cases
(i)  Final value is o
(i)  F.V.T isnot applicable
aoo

v
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Z. TRANSFORM

5.1. Introduction

e Z domain signal

X(2)="(2)
X(2)
Rotational X(Z) [rrational X(Z)
V4
| X(Z)= -
{ } -0
Proper X(Z) Improper X(Z)
D' >N N'>D'
Laplace Tx ZT
S=o+jo Z=re”
S=a+ jb:Point Z =r,e’" : Point
Re[s]=a: Line parallel to jw axis |Z| =r, :Circle concentric to unity circle |Z| =1
Re{S} > a:Region parallel to jw axis |Z| > r, Region concentric to unity circle.

Relation between Z.T and L.T

Y@)= 3 xmz”

|Z| :eaTs
L7 =l
Mapping
o>0 Left Half of s plane 0 g|z| <1 Family of circles having radius less then 1.
c>0 Right half of s plane 1<|z| <o Family of circles having radius greater then 1.
=0 jo axis |z|=1 Unity circle

(1)  Vertical line in s plane — A circle in A.C.W in Z-plane

(2)  Left half side of s plane — Inside unity circle in Z-plane
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(3) Left side nature — In ward nature in Z — plane

(4) Right hand side of s plane — outside of unity circle in z — plane
(5) Right side nature — outside nature in z- plane.

(6)  jow axis mapped onto unity circle.

(7) origin in s plane is mapped z=¢€"" =1

C.T signal D.T Signal
u(t) u(n)
u(-t) u(-n-1) e 'u(t) a"u(n)
—e~u(t) -a"u(-n-1)
Z. Transform
-
B.ZT Unilateral Z.T
XZ)= Y x(mz™" X(Z)=> x(mZ™"
n=—o0 n=0
(zo)”u(n)—>z_Zo ROC:|Z|>|Z,|
() u-n-De—=L - ROC:(Z|<[z|
Q) au)e—s—t ROC:Z|>|a|
Z-a '
@  atume——— ROC:|Z|> —
z—(lj e
a
' z .
3) (-a) u(n)<—>Z_(_a) ROC:|Z|>|-4]
" z 1
(4) (-a) u(n)<——>—_1 ROC:|Z|>—
()
a
() —a'u(-n-1)«—>—= ROC:[Z|<la|

(Z-a)
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6) —(@"u(-n-1)«—— Z ROC:|Z|<i
7_ (1j g
a

Z :

(7)  —(-a)"u(-n- 1)<—>Z ) ROC:|Z|<|-4]
8 —(-a)y'u(-n-<«—s—% _ROC:[Z|< i‘

el

a
Z
Z

(10) —u(-n- 1)<——>ﬂ ROC:|Z|<1

(1) Linearity: x(n)«<—X,(z) ROC:R,
X,(n)«—> X,(z) ROC:R,

Case :1 g(n)=Ax(n)+Bx(n) (RNR,)={6}ZT D.N.E

L.S.S = {6}
R.S.S X (Z)exist = AX,(z) + BX,(2)
B.S.S
g(n) = Ax,(n) + Bx, (N)——>G(2) = AX,(2) + BX,(2)
Case:2 ' F.D+ADSY !
ROC:entirez plane except
(2)  Time Shifting:  x(n)«—>X(Z) ROC:R,

X(n+1)«—ZX(Z) ROC:R,,exceptpossibly
|Z|=0 or|z|=
inclusion/declusion.

(3) Multiplication by complex exponential:

x(nN)«——X(2) ROC:|Z|

Zyx(n)«—> X (ZA

0

j ROC:E

0

Z
== |z|>1
u(n) -1 |Z| >
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(ejwo )nu(n)&)ﬁ 1Z|>1

Z% —-Zcosw,

cos a;n u(n) >ZZ—ZZcosa) +1
0

ROC:|Z|>1

Zsina,
Z*-2Zcosm, +1

sing,n u(n)«—> 1Z|>1

Z% —azcosm,

a" cos myh u(n) «———=5
Z° —2azcosa, +a

71Z|>al

azsina,

a"sinaw,n u(n
apn u() Z%-2azcasw, +a

712| >[4

ROC may or may not include zeros of x(z).
Will not include poles of x(2).

If x(n) absolutely summable —ROC of x(z) includes unity circle.

x(n) ——ROC of X(Z), will be entire Z plane
FD + AbsX except possibly|Z|= 0 AND/OR |Z| = e

/ X(z) may notexist,even forsignal Value of |Z|
x(n)is L.S.S

If X(z):exist, ROCwill inside the innermost circle
having radiusformed by magnitude of innermost non - zeropole

/ X (Z)may not exist, even for signal value of |Z|
x(n)is L.S.S
N If X (2) :exist, ROC will inside the innermost circle having
radius formed by magnitude of innermost non - zero pole

/" X (Z)may not exist, even for signal value of |Z|/r
x(n) is B.S.S
N If X(2):exist, ROC will be in form of ring
bounded by magnitude of finite/non zero poles

x(n)«——X(2) ROC:|Z|

x(ﬂ}—)X(ZK) ROC:|z¥|
K
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X(S)= T x(t)e *dt

/ _[ x(t)dt when S =0is part of ROC

X(S=0)
\yoo, when S = 0 is not part of ROC
F.T
——>X(M)], -
® S =0 Part of soc
Loxwa— —S7XE), ) —s
S=0is not
part of sosc X)),y — éu;:;l Hc;;i]r;l not be calculated from
> au(n) >t Z|>a
Z-a
na"lu(n) > —%—  [z|>[a
(Z-a)y
Multiplication by n
nx(n) <—>—z¥ : ROC-Remains Same
az
> na'u(n)=—— z|>|a
( ) (Z_a)z | | | |
Or
na"u(n-1)
1 az’
> n+ha""u(n+)«——— |z|>|a
(D u(n+D = [2]>[a
Or
(n+2)a""u(n)
z
> a'uin)«——— Z|>|a
Moy =R
n-1,
na u(n)< z : :|z|>|a|
1 (z—-a)
_ _ n-3
n(n—-)(n—2)a""u(n) S z i :|z| >|a|
3! (z—-a)
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S & (1-z") analogy

z=e"" equivalent

Inverse Z.T
Table 1 X(2) : Rational , ROC Known and x(n) to be Calculated
ROC x(n)
Outside outmost finite pole R.S.S
Inside Innermost nonzero pole L.S.S
Ring from, bounded by non zero and finite poles B.S.S

Table 2 X(2) : Rational x(n) is given and ROC is to be decided .

x(n) R.O.C

R.S.S Outside outermost finite pole

L.S.S Inside Innermost nonzero pole

B.S.S Ring from bounded by finite non zero pole

Table 3 : X(Z2) : Rational nature of ROC known and x(n) to be calculated .
ROC x(n)
Outside outermost finite pole, including |Z|=oo Causal
Inside Innermost non zero pole, including |Z| =0 Anti casual
Ring form bounded by non zero and finite pole Non causality

Table 4 : X(Z) : Rational

x(n) R.O.C
Casual Outside outermost finite pole including |Z| =0
Anti causal Inside innermost non — zero pole including |Z| =0
Non causal Ring from bounded by finite and non zero pole .

X(Z) =(D)/ D(Z)

(1) By Long division
(i) D(Z)>N(2)
/" casual : N(Z), D(Z) — decreasing power of Z.

(i) x(n)
s Anticausal:N(Z), D(Z)— Increasing power of Z.
3.56
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(i) X(Z):pole — zero cancellation .

(if)  Plot Pole diagram and obtain all possible ROC.

(iif)  Perform partial fraction of {%} if needed and calculate I.Z.T for each ROC.

X(n) > X(Z) R,

h(n) > H(Z) R,

y(m=x(n)*h(n) —R NR, ={¢}Y(Z)D.N.E

R NR, #{¢} y(z) =X (2)H(Z)
ROC: R NR,

Accumulation

x(n)«——X(Z):ROC -R

Case 1. x(n)*u(n)
3 x(2)
K;O x[K]<——>(1_Z_1)
n<0
Case 2. x(n)=0, or
n<-1

D.T LTI system : exponential (ZS)

ROC:RN(|z]>1)

X(n)*u(n)

n - n X(Z)
K;}ox[K] = KZZOX[K]<——> iz
n<-1

/" Real

x(n)= Zg
'

eigen function

()

Y =2 3. hIKIZ,"

" H(,)

>y(n) =2, Hi(zo)
scalar eigen value \, CompleX
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Important Table:

x(n) ROC
R.S.S + causal Outside outermost finite pole including |Z|=co
Finite duration + causal Entire Z plane including |Z| =o0and possibly including |Z|=0

L.S.S + Anti causal Inside Innermost +Non zero pole including |Z|=0
Finite duration + Anti causal Entire Z plane including |Z| =0

R.S.S + Non causal Outside outmost finite pole , including |Z|=oo

L.S.S + Non Causal Inside innermost non zero pole not including |Z| =0

B.S.S + Non causal Ring from bounded by finite & Non zero pole.
Finite duration + Non causal Entire Z plane not including |Z|=0&|Z| =«

h(n) — must be absolutely summable

ROC — will include unity circle.

h(n)— Must be causal signal

ROC —Either outside of outmost pole including |Z| = o or entire Z plane including |Z| =

h(n) — Anti causal

ROC — Either inside the innermost pole or entire z plane including |Z| =0

h(n) — non causal

/" RSS +NC
H(Z) — Has finite and non zero poles — LSS+ NC

v BSS +NC
H(Z) — Does not have any finite — non zero pole. ROC entire Z plane not including |Z|=0 &|Z| =0

Causal + Stable — All poles must be strictly inside unity circle H(Z) has finite and non zero pole, if not then decide based
on common portion of ROC [causal () stable]

H(Z) finite and non zero pole —— All the poles must be strictly outside unity circle.

H(Z) does not have finite and non zero pole —— (ROC of Stable) (1 (ROC of anti causal)
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X(n)«—> X (2)
X[Z]=3 x(nz"

UZT {x(n)} = BZT {x(n)u(n)}

@ 1—>L
Z-1

@ 22—t

Z-2

ur . Z?—Zcosmgn
"Z%+2Z cosmyn+1

(3) cosmyn

(1) Time Shifting
X(N=1)«——ZX(Z) +x(-1)
X(N—=2)¢——Z7*X(Z)+Z7'X(-D) + X(-2)
Types of Response

x(n)——[h(n)]—y(n) ZIR
1.C#0

);fg) >[h(n)] y(n) ZSR

.C=0

If y(n) is only due to input = Forced Response y(n) is only due to system pole = Natural response

Ifl.C=0
_Y@
=@
Note :
1) 1.C=0

(@  H(z) can be calculated.

(b)  Y(n) can be calculated from T.F

2 1C=0

(@  H(z) can be calculated

(b)  Y(n) can not be calculated from T.F
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Initial Value Theorem Final Value Theorem
In|Lr01 x(n) = ;mX(z) limx(n) = Izinl(l—Z’l)X (2)
Valid only when Iimx(n)=|zirq(Z —DX(2)

(1) x(n) is casual D" >N’ o _
Valid it (a) x(n) is causal

(2) X(2)=N(2)/D(2) (b) all the poles of
(1-zHX(2)or(z-DX(2)

Should strictly be inside unity circle

Note: Before using this theorem , common factors must be cancelled out in X (Z) .

Multiplication by n
dX(z)

nx(n)¢«———-z————=
dz

000
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DTFT

6.1. Introduction

Important Table:

Time domain Frequency domain
Continuous Non Periodic
Discrete Periodic
Periodic Discrete
Non Periodic Continuous
Transform Time domain Frequency domain
C.TFS C+P Discrete + Np
CTFT C+Np C+Np
DTFS D+p D+p
DTFT D + Np C+p

X (") = x(n)e " well defined DTFT, calculates from B.Z.T at unity circle

Nn—oo

e For well defined DTFT to converge x(n) must be absolutely summable.

For well defined DTFT
(@ Includes all energy signal .

(b) Formula of DTFT applicable

(c) Properties of DTFT applicable .

d)  X(e")will be defined for each and every value of

Limitedly defined DTFT
(@  Includes all power signal

(b)  Formula not applicable .

(c) properties applicable.

d)  X(e") will be ——>oo for any one value of ®.
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Note: X (&) is periodic with —z<w <7,
x(n) = — j X ()i d
2m ¥
) 1
a"u(n)«— —  When [a|<1
1-ae”
X (@) e— 1 —| periodic with 27
l1-ae
x(n)
A
: nfsev o}
] ] ‘ . 0 sing— (2N +1)
e e EEE (CO R
: sin(wJ
i : H : 2
-N -1 1 N
X(¢")
A
> X(n):sma)cn orer L
zn
2 0. 0 @ om
Only valid when o, <7
X(c")
. 2 Oc
> x(n)= sinew,n -
zn
2n 2o, l 2n
2n -2,
T
o, <=
2
(1)  Linearity - Ax (n)+ Bx,(n)<—> Ax, (/") + BX, (")
(2)  Time shifting x(N—n,)«——e " X (e')

X(n+n,) e X (&)
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(3) Frequency shifting
el x(n) «—> X (')
e 1 %"x(n) «——> X (!))
coso,n<—— r[d(w-w,)+m(0+w,)]|-T<w<r
sin a)on<——>%[5(a)—a)o)—5(a)+ w)|-r<w<z
(=D)"x(n) =e""x(n) «——>x(e ) ¢—> X (-€*)
(4)  Time Reversal - X(—nN)<«——x(e ) =X ((ej”’)*)

(5) Complex conjugate - x*(n)<—>X*((ej‘”)*) =X"(e”1)

[ Signals & Systems

x(n) X(el®)
E E
(0] 0]
NENO NENO
X(n) X(e®)
R+E R+E
R+0O I+0
I+E I+E
1+O R+O
X(n) X(e)
Real C.S
| C.AS
C.S Real
C.AS I
(1) Time Expansion - x[%}——)X(ej”K)
1%t difference or successive difference —
X(n) = x(n-1)«—(1- e‘j“’) X (ej‘”)
() 2 s 25(0) + ——— —r<w<r
(1-e)
or
S (0 27K) 4 —
& 1—e)

GATE WALLAH ELECTRICAL HANDBOOK

3.63



Multiplication with n - nx(n) «—>+ jdiX(eiw)
w

Convolution - Y(n) = x(n)xh(n)«—>y(e'”) = X (e"*)H (')

6.1.1. Parseval Energy Theorem

®) 3 xmh() =%j X (€)H (e *)do

2 > x(mh'(n)= 1 TX(ej”)H*(ej“)dw

n=—o 2r

0

@ 3 x(x() =%j X (€)X (e *)d

N=—o0

0

(4) z x(n)x"(n) =% ]E |X(ejw)|2 do

n=—w0

Signals & Systems

GATE WALLAH ELECTRICAL HANDBOOK

3.64



SAMPLING

7.1. Introduction

Instantaneous sampling in time domain:

m, (t) =m(t)c(t)
m ) =m@)- Yst-nT) T.=i

T, :sampling interval
f, :Sampling frequency
Instantaneous sampling in frequency domain

m(t)«—> M (w)

mt) 3 5t —nT,)—>f, > M(e-nm,)

N=—o0 n

m(t)«—M(f)

m(t) 3 St —nTy) <> f, STM(F =nfy)

N=—0 n

Spectral analysis of Instantaneous Frequency

Z§(t — nTs)<—>§_—”25(a)— Na )

3 S(t—nTy) >, > 5(F —nfy)

If f; >2f, :—oversampling
Tx : No aliasing PBG = Ts
Rx: practical LPF, Ideal LPF with f < f <f —f,

Recovery - (fs >2f )N (f, < f. <f,—f,)
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If fg=2f: critical sampling
Tx : Aliasing on verge (No aliasing)
Rx : Ideal LPF with (f,=f ) & PBG =T,
Recovery - (fs =2f )N(f. =f,)
Case 3: fo <2f, under sampling
Tx : Aliasing

Rx : Recovery not possible.

A lowpass signal bandlimited to f, Hz can be sampled and reconstructed form its samples if and only

If [f>2f, |N[f, <f, <(f,—1,)]

Sampling rate.

Nyquist rate = minimum sampling rate

( fS )min = 2 fm
. 1 1
Nyquist interval T, = E
yq ’ )min 2 fm
m(t) iy
sinc (t) 1Hz
sinc(at) aHz
sinc® (at) Ka Hz
sinc(at) +sinc(bt) Max (aHz,bHz)
sinc(at) xsinc(bt) (a+b)Hz
sinc(at) *sinc(bt) min(aHz,bHz)
d . 1Hz
—sinc(t
dt ®
Lo 1Hz
j sinc(r)dr

Sampling using general carrier pulse train—

m(t)«—M(f)

c(t)—C(f)= 3 C,8(f —nf,)

n=—0
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M,(f)=3"C,M(f -nf,)

If (f,>2f )N(f, <f,<f —f)

L.P.F(P.B.G) y(t)
1 c,m(t)
1/C, m(t)

L L C,m(t)

When c(t) is rectangular pulse train —

o (Z]

M, ()= i(%\)sinc[%‘)a(f —nf)

n=—0

Note: f, <2f_ Recovery is possible through BPF

f, <2f, Recovery not possible through BPF

(i) m()=A,cos2xft
C(t): Impulse train with period T -0, f,,2f,,3f,,———

m,(t)=m(t)c(t)—— 0+ fm S same

Njo-f, |/

Lt AR
\‘|fs_fm|

iy m(t)=Acos2zft+A cos2zft— 1,1,

C(t) =Impulse train, 0, f,2f ,3f,

2fst f, 2fs£f,
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m(t)=A,cos2zf t——f,

ACQ)
K
—> Absent n = 7" =3K
Ts s 0 TIs Ts
a==6
mg(t)=0+f ,f £ f 2f £f 3f £f
(iv) m(t)=Amcos 2z f_t
C(v
Absent n=K_ =4K
; : m, (1) : 0 £ fm
“Ts —_TS” 0 E l Ts s ( ) f
4 4
|
2f £
3f £ f,
Band pass sampling
m(t) is lowpass signal
S(t) = m (t) cos 2mf t
v ¥
Lowpass signal Bandpass signal
(Low pass S.T) (Bandpass S.T)

[|>GIF

f
fg>=H| |K=|_—*H
K [fH—fJ

Nyauist rate =21, |

aao
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MISCELLANEOUS

8.1. DFT (Disrete Fourier Transform)

x(n) <& X(e*)
{ {
discrete in time Continuous in frequency

DFT:

Discrete in time + discrete in frequency .
x(n) <225 X (K)
(i)  x(n) periodic with length n .
(i) x(K) periodic with length K
(iii)  Information of one period of either x(n) or X (K) will be given .

N point x(n) is given calculate npoint X(K)

X(K) =S x(me [ 22 |k K=012——-N-1
=>» x(n)e!| = |[Kn =0,1,2,——-N-

(=3 xtme” 22

x(n) <21 X (K)

. Zir)Kn

x(n)=%NiX(K)eJ(N N=012——-N-1
K=0

X(K) <2 x(n)

2

Twiddle factor: W, =e N
=+ +| 7-%
Wy =1 W) =W, W =Wy W, —e ¥
Wy =1 W,z =W W' =Wy =1 W" =Wy

n+ n + N
WNNIZ — 1 WN N :WN ’\iZI 1)2 -
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DFT: [X(K)] =W 1x(m]

IDFT: D] = T X ()] = MET TX ()

2 point DFT / IDFT (N=2)
X©O)] (WY wy {[x(0)] [1 17][x(0)
_X(l)}_ W2 W} {x(l)}{l —1“x(1)}

‘x(O)}_ W wy? {X(O)}
XO ] 2[We Wt X

(X7 11 1 ][x©0)
X@ =1 Wi w2 || x@
X2 |1 w2 W x2)

- x(0) 1 1 1 ][x0)
X@ (=211 W1 W7 || x@)
1 W2 W || x(2)

| X(2)

'x(0)] [1 1 1 1][x0)
x@ | (1 =) -1 +j|| X
x| |1 -1 1 -1||x@)
X@) | [1 +] -1 —j][x()

3 point DFT / IDFT N=3

Wl

4 point DFT / IDFT N=4

xO7] 1 1 1 1][X(©)
x| 11 % =1 —jll x
x| 41 11 1 1| X
x@] 1 -j -1 J]LXE

> If x(n) =x(—n) — circle

DFT[ DFT {x(n)} |— (N ) (VN ) {x(n)}

DFT {DFT [DFT [DFT {x(n)}]ﬂ =(VN) x(n)

> If X(-K)=X(K)

IDFT[IDFTIDFT[IDFT[x(K)]ll= (LN] [X(K)]
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N-1
> X(K)=i22x(n)wN-Kn
N K=0

If x(n)=x(-n)
_ 2(x(n) ) _ x(n)
DFT[DFT (x(n)]=(VN) [ N )— NE
(1) Linearity: Ax, (n) + Bx, (n) «—> AX,(K) + BX, (K)
(2) Periodicity: x(n+ N) = x(n)

X (K +N)=X(K)
(3) TimeReversal:  [x(n)], «—{X(K)I,
(X(En)y «—(X(=K))y
X(N —n) <= X(N —K)
(4)  Circular frequency shift  x(n)«—> X (K)
e ) K~ Do

x(n)= {1, 2, 3, 4} x(n—1)={l, 2, 3,4}

2 1
4 3
_ntl g 2{2,3,4,1}
]

Complex conjugate property  X(n) «—> X (K)
X*(n)«—> X *(-K)

(X*()), ooy X2 (K)o = X *(N = K)

x(n) X(K)
R+E R+E
R+0 I+0
I+E I+E
1+0 R+0
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x(n) X(K)
Real C.S
Image CAS
C.S Real
C.AS Img.
Case 1: Column Method x(n)={a,b,c,d}

x,(n)={p,q,r,s}

X(M) =% (M) *x,(M) ={ex. 8,7,

a a d c
Bl |b ad
7| |c b a
o d c b
Case 2: Row Method
a b
w.pro1=[pqr&d|® °
] !7/1 - pq C d
b ¢

> () ®x,(n) ==X, (K)X,(K)

x(n) ® x(n) <25 X 2(K)

o ©® T O

D QO O T

w = O T

© T O o

K% (1) 21X, (K) @ X, (K)]

X (n)<—>N [X(K)® X (K)]

MZ

1) Xl(n)Xz(n)— ZX (K)X,(K)

z >
._\o

2 X (N)x; () = ZX (K)X;(K)

M

O

z 3
AN

3)

M

=NNZX(K)X(—K)

T
Lo

Z

@ XK= XX K)

n=0

3 X =

1 N-1
WKZ:;JX(KN
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7D N
®
>

N point x(n)«2EL >{X(K)}N point
2N point X(gj(L){x(K),X(K)}ZN point
> N point:  X(K)<«=T—{x(n)}

2N point: x(%} VR AN [x(n) x(n)]

N-1 _
x(n) =) .Ce" (z—ﬂj K
1 e N

PeriodicN

1S in( 27
o= xme (2K
Csz CK+N =CK
N
N x(n) «2T>X(K)=N(Cy)

N [x(n), x(n)] sz(gjzz[m & }

FAST-FOURIER TRANSFORM : (E.E.T)

Decimation in Decimation in
Time (D.I.T) frequence (D.1.F)

X(K)= > x(nw,

/" N? Complex multiplication ——4N? Real Multiplication
Ny N(N —1) Complex — N (4N —2) Real

N Point DFT

addition additions

4 point DFT : x(n) ={x(0), x(@), X(2), x(3)}
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x(0)

> ° a—> X (0)

Y Y Y

3
$ ¢ ¢
N
A1

x(2)

XD

x(1) X(2)

x(3)

XQ3)

52
s

X (K) = ix(n)wNK"

X(@)= iX(H)WJ' =[x(0) —x(21+ W, [x(D) - x(3)]

x(n)={0,1,2,3}

x(O) > X(0)=6
x(2) >< \/ X(1)=-2+2i
x(l) B ><>< X(2)=-2
x(3) >< /\ X(3)=-2-2i

X(0)

ANEZE
SN o

X(5)

X(O)
x(4)
x(1)
x(3)
x(2)
x(6)
x(3)
x(7)

X(6)

X(7)
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6 point DFT : x(n) ={x(0), x(@), x(2), x(3), x(4), x(5)}

x(0) >=<:-‘ 0 o *(0)
x(3) o —» o > x(1)
1

x(1)

x(2) \DET wrt X ()|
x(4) o *(3)
x(2) P o // o XxX(4)
x(5) —o » o x(5)

X(K)= ix(n)wﬁKn

X@)= Zszx(n)We” =[X(0) =X+ (x(®) = X(HW; +(x(2) — X(E)W;

n=0

Summary:
Radix 2 Radix Non-2
\’ \2
Symm use formula
Butlerfly togenerate Butterfly
DIF algorithm
X(O) \/ - 0
x(1) > S x(2)
x(2) > Q x(D)
/\\ W40
x(3) > ® > o x(3)
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6 point DIF :

x(0) X(0)

x(1) ——0 X(3)

x(3) \\\ f X(4)
x(4) \\// X(2)
x(5) > \/ o X(5)

-1 -1

For Radix N Butterfly for calculation of N.point DET
e No of stages = log}

¢ No of Butterfly in each stage =N /2

e Total no. of Butterflies =%Iog§

e Total no of complex multiplication =%Iog§

e Total number of complex addition = N log, N

000
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